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Motivation: correlated materials
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Motivation: correlated models

1= crystal structure — model Azurite
Y

=" Heisenberg model:

H = ZJZ,jgzgj
(2,5)

livesin C*®C*®---®C*®

N times

=" use internal & spatial symmetries
=" Fourier transformation —> complex matrices

=" Thermodynamics (e.g. magnetic susceptibility):
need all eigenvalues




Householder
reduction to
tridiagonal form

= Q(n3) operations

= =8 n? Bytes to store double
precision complex Hermitian
matrix in ,,packed” form



Parallelization strategy
Complex Householder algorithm in C99

#define complex abs_sq(a) (creal(a)*creal(a)+cimag(a)*cimag(a))

for(j=0; j<=1; j++) { /* Second part of A u -> p */
g = 0; /* Form an element of A*u in g */
/* start from the lower right corner of m */ cptrl = m[i]; cptr2 = m[j];
for(k=0; k<=j; kt++)
h=scale=0; g += conj(*cptrl++) * *cptr2++; /* g += m[JI[k]*m[i][k]"* */
if(1 > 0) { pl3] += (g/h); /* Store the result in p[j] */
for(k=0; k<=1; k++) /* sum row of m */ }
scale += cabs(m[i][k]);
if(scale == 0) /* skip transformation if this is zero */ £ =0;
e[l] = conj(m[i][1]); /* copy conjugate of matrix element above diagonal */ for(j=0; j<=1; j++)
else { £ +=m[i][j] * p[3]; /* accumulate u * p in f */
for(k=0; k<=1; k++) { if(! is_zero(cimag(f)/cabs(£f)) )
m[i][k] /= scale; /* rescale entries of m */ display_error("Householder: K is not real, as expected");
h += complex abs_sq(m[i][k]); /* and accumulate norm (squared) of "u" in h */ hh = creal(f)/(h+h); /* form K */
}
£ =m[ij[ly; /* store entry m[i][i-1] in £ */ for(j3=0; j<=1; j++) { /* Form q and oferwrite p with it */
£ = conj(m[i][F]); /* store entry B[i][3]1°* = u[j] in £ */
/* we have to choose sigma = m[i][i-1]/m[i][i-1]"* |m[i]]"2 */ g = p[j] = pl[jl-hh*f; /* p(i] = plil] hh*f */
if (complex_abs_sq(f)) cptrl = p; cptr2 = m[j]; cptr3 = m[i];
sigma = £ / conj(f); for (k=0; k<=j; k++) /* Reduce m - can stop at j */
else *cptr2++ -= (f * conj(*cptrl++) + g * *cptr3++);
sigma = 1; /* phase doesn't matter for |m[i][i-1]]|"2 = 0 */

sigma *= h;

/* g = +/- sqrt(sigma), where the sign is chosen such that |m[i][i-1] - g
is as large as possible */ e[l] = conj(m[i][1]); /* copy conjugate of matrix element above diagonal */
g = csqrt(sigma); i] = h; /* store h in p[i] - to check later if it was 0 */
cl = f+g;
c2 = f-g;
if (complex_abs_sq(cl) > complex_abs_sq(c2)) 0; /* last transformation step: nothing to do */
g = -9;
if (compute_eigenvectors)
cl = scale*g; /* store scale*g below diagonal */ for(i=0; i<dim; i++) {
e[l] = conj(cl); /* and scale*g”* above */ 1 =i-1;
if(creal(p[i])) { /* skip block if we did not do a transformation */
/* h = |m[i]|"2 - Re(g"* f) */ for(3=0; j<=1; j++)
h -= (creal(g)*creal(f) + cimag(g) * cimag(f)); plil = 0;
/* substitute m[i][i-1] by m[i][i-1] - g = £ - g (=> m[i] = u’t) */ for(k=0; k<=1; k++) {

m[i][l] = f-g; cptrl = m[i]+k; cptr2 = m[k]; cptr3 = p;

for (j=0; j<=1; j++) /* Use u™t und u"t/H stored in m to form PQ */
for(j=0; j<=1; j++) { *Cptr3++ += (*cptrl * *cptr2++); /* g += m[i][k]*m[k][F] */
if (compute_eigenvectors)
m[{j][i] = m[i][j]1/h; /* Store u”t/H in ith column of m */ for(k=0; k<=1; k++) { /* Now we need a second loop */
pli]l = 0; /* Initialize p=0 */ cptrl p; cptr2 = m[k];
} for(j=0; j<=l; j++)
*cptr2++ -= (*cptrl++ * conj(m[k][i])); /* m[k][J] -= g * m[k][i]"* */
for (k=0; k<=1; k++) { /* First part of A u -> p */ }
cptrl = m[i]+k; cptr2 = m[k]; cptr3 = p; }
for(j=0; j<=k-1; j++) d[i] = m[ij[rig; /* this statement must be kept in any case */
/* The elements above the diagonal can be related to those below using hermiticity */ m[i][i] = 1; /* prepare next iteration */
*cptr3++ += conj(*cptr2++ * *cptrl); /* g += m[k][F]"* * m[i][k]"* */ for(j=0; j<=1; j++)

}

mii][3] = m[3I0i] =
for(j=0; j<=1; Jj++)

plj] /= h; /* Rescale properly */

i<dim; i++)

o
=
[0

mii][i]; /* this statement must be kept in any case */




Parallelization strategy
Complex Householder algorithm in C99

abs_sq(a) (creal(a)*creal(a)+cimag(a)*cimag(a)) for(j=0; j<=1; j++) { /* Second part of A u -> p */
g =0; /* Form an element of A*u in g *
m %/ cptrl = m[i]; cptr2 =

for(i=dim-1; i>=1; i--) {

/* start from the lower right corner of

for(j=0; J<=1; Jj++) {
f = conj(m[1][J]1);
g = p[J] = p[J]l-hh*f;
cptrl = p; cptr2 = m[j]; cptr3 = m[i];
for(k=0; k<=j; kt++)

*cptr2++ -= (£ * conj(*cptrl++) + g * *cptr3++);

fm */

m[3I[1] = m[i][j]/h; /* Store u”t/H in ith column o for(k=0; k<=1; k++) { /* Now we need a second 100
pl3] = 0; /* Initialize p=0 */ cptrl = p; cptr2 =

= O(n’=dim?®) operations

(16 n3/3 floating point operations for eigenvalues)



Parallelization strategy
Parallelization attempt |
|for(ifdim—1; i>=1; i--) {

for(j=0; j<=1; Jj++)
P[J] -= hh*conj(m[1][]]);
#pragma omp parallel for private(j,k,f,g,cptrl,cptr2,cptr3)
for(Jj=0; j<=1; J++) {
f = conj(m[i][J]);
g = plJl;
cptrl = p; cptr2 = m[J]; cptr3 = m[i];
for(k=0; k<=j; k++)
*cptr2++ -= (£ * conj(*cptrl++) + g * *cptr3++);

L L driT =" mriTriT; 7+ this statement must be kept in any case ¥/
m[ijri] = 1; / next iteration *

gonal can be related to those below using hermiticity */ * prepare
r3++ += con tr2++ * *cptrl);
} .
for(3=0; j<=1; j++) G&) [ )
Problem: Load-imbalance
thisvstatement must be kept in any case

ariT =" mrETraTy -




Parallelization strategy

Parallelization attempt 11

|for(i=dim—1; i>=1; i--) {
for(j=0; j<=1; j++)
p[j] -= hh*conj(m[i][]]);
#pragma omp parallel for private(proc, j,k,f,q,
cptrl,cptr2,cptr3)
for (proc=0; j<omp numproc; proc++) {
for(j=proc; j<=1l; j += omp numproc) {
£ = conj(m[i1][J]);
g = p[il;
cptrl = p; cptr2 = m[J]; cptr3 = m[i];
for(k=0; k<=j; k++)
*cptr2++ -= (£ * conj(*cptrl++) + g * *cptr3++);

} = Problem: Level2 CPU Cache for n=dim=10000 |



#define complex_abs_sq

for (i=dim-1; i>=1; i--

h=scale=0;
if(1 > 0) {
for(k=0; k<=1; k++
scale += cabs(m[
if(scale == 0)
e[l] = conj(m[i]
else {
for(k=0; k<=1; k
m[i][k] /= sC
h += complex_
}
£ =mijrly;

/* we have to ch
if (complex_abs_s
sigma = £ / ¢
else
sigma = 1;
sigma *= h;

/* g = +/- sqrt(
is as large a

g = csqrt(sigma)

cl = f+g;

c2 = £-g;

if (complex_abs_s
g = -g9i

cl = scalexg;
e[l] = conj(cl);

/* h = |m[i]]"2
h -= (creal(g)*c
/* substitute m[
mii][l] = f-g;

for(j=0; j<=1; j
if (compute_ei
mijIri] ==
p[3] = 0;
}

for(k=0; k<=1; k
cptrl = m[i]4
for(j=0; j<=k-
/* The eler
*cptr3++ +=
}

for(3=0; j<=1; j

P31 /= h;

for(i=dim-1; i>=1; i--) { b

Parallelization strategy

Final solution

Bg */

for(j=0; j<=1; j++) %
p[J] -= hh*conj(m[i][]]);
nchunks = compute chunks(sizeof(complex double), 1);

14

#pragma omp parallel for private(chunk,j,k,f,g,cbegin,cend,

}

cendt,cptrl,cptr2,cptr3) if(nchunks>1)

for (chunk=0; chunk<nchunks; chunk++) { ots1 i € o/
cbegin = chunks[chunk].begin; | Y
cendt = chunks[chunk].end;
pptr = p+cbegin;
for(j=0; j<=1; j++) { et

£ conj(m[i][J]); B rotning to do +/

g =p[Jl;

cptrl = pptr;

cptr2 = m[j]+cbegin;

cptr3 m[i]+cbegin;

cend = (j<cendt)?j:cendt;

for (k=cbegin; k<=cend; k++)
*cptr2++ -= (£ * conj(*cptrl++) + g * *cptr3++); R~

« set of administrative routines
for handling ,,chunks*

m to form PQ */

do a transformation */



Further features of our code

 checkpoints
15" second set of administrative routines
“* matrix m: vector of pointers to rows

=" convenient access also in ,,packed” form

=" free currently unneeded memory

— restore from
checkpoint when
heeded m[1]

m

Y

m[0]

Y

Y

m[2]




Serial Performance:
womall‘ Problem

(complex dimension | |84
— main memory: | | MByte)




Choice of programming language

2.4GHz Intel| 1.9GHz IBM| 1.6GHz
Core2 Power>5 Itanium?2

. gcc Intel gcc IBM gcc Intel

variant) "L 100| 402 [xic80] 41.0 [icc 9.1
C99 -- 17.03 | 20.42 -
| .o |7

plain C | 5.48 | 546 | 7.94 ("6:43 || BHAHN| 14.68
SSE3

(inline assembler) -

= C++: risky

Eigenvalues only:]}

runtime Eeconds




Choice of programming language

24GHz Intel
Core2

1.9GHz IBM
Powerb

1.6GHZ
Itanium2

variant

gcc
4.1.1

Intel
icc 10.0

gcc
4.0.2

IBM
xlc 8.0

gcc
4.1.0

Intel
icc 9.1

17.03

20.42

10.18

16.87

plain C

5.48

5.46

7.94

14.68

SSE3

(inline assembler)

Eigenvalues only:
runtime [seconds

== €C99: viable (soon with OpenMP?)



Choice of programming language

2.4GHz Intel| 1.9GHz IBM| 1.6GHz
Core2 Power>5 Itanium?2
. gcc Intel gcc IBM gcc Intel
variant) " L 10.0| 402 [xic80| 41.0 |
C99 -- 17.03 | 204

B
NS s s oo |

plain C | 548 | 546 | 7.94

14.68

Eigenvalues only:
runtime [seconds

used in the following




Comparison with other libraries

runtime [seconds] for

15 I commerical libray: zhpev
" our code
0 pulic-domain library: zhpev
o
—
Q
5 | £X
0 -

2.4GHz Intel Core2 1.9GHz IBM Power5 |.6GHz Itanium?2

= our code: within a factor |...2 of commercial libraries
= our code: faster than public-domain LAPACK




Parallel Performance:
slarge* Problem

(complex dimension 41835
— main memory: | 3GByte)




IBM p575, | node:all eigenvalues

N/
0‘0

(8 x 1.9GHz Power5 CPUs)

our implementation:
=" real time for Householder step: 14.18 hours
= main memory: | 3.4GByte resident

=" tridiagonal problem (dsterf): 91 seconds

IBM parallel ESSL 3.3, pzheevx

=" real time for diagonalization: 48.17 hours

= main memory: 26GByte allocated (?),
|4GByte resident



Scaling: first 1 000 iterations
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= good scaling with problem size




Scaling: first 1 000 iterations
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- good parallel scaling on IBM p595




Scaling: first 1 000 iterations
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s~ good scaling with problem size on SGI Altix 4700




Scaling: first 1 000 iterations
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= reasonable parallel scaling on SGI Altix 4700 (| node)




Scaling: first 1 000 iterations

B e s i
@9 IBM p575 // ///
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S
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= works with distributed memory on SGI Altix 4700




All eigenvalues: current record

-

e / ko

o Schleswig-Holstein = = -~ = o~
RZ / Uni Kiel = * - I @ Meckﬂbmg Varpommern
3 - s RZ fUni Rostock
R ;- Hamburg o
- a B
8 Brewmen 4 ﬂ' P _;.: RRZ/ Uni Hambugr_\giv.
AWT Bremerhaven a;-“ b J -
' =

complex dimension n=162243
initially: 197GByte main memory (matrix)
400GByte hard disc (fail-safe checkpoint)
| node with 32 x | .3GHz Power4 CPUs
total CPU time: =21 000 hours

R/ R/ R/ / X/
€S 60 00 00 00



Discussion

% goal: stand-alone public-domain paraliel
diagonalization package

“ tridiagonal problem: QR/QL algorithm
1= effort negligible for eigenvalues only
15 effort <50% for eigenvectors
1= eigenvectors: parallelization using delayed execution
=" need to work on numerical performance (— LAPACK)

1= efforts by other groups? Cuppen, Dongarra, Dhillon, Parlett, ...

¢ real variants easy to derive (performance?)




Conclusions

for more details see

http://www.theorie.physik.uni-goettingen.de/

~honecker/householder/
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