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Re
ent investigations of the two-dimensional spin-1=2 
he
kerboard latti
e favor a valen
e bond


rystal with long range quadrumer order [J.-B. Fouet et al., preprint 
ond-mat/0108070℄. Starting

from the limit of isolated quadrumers, we perform a 
omplementary analysis of the evolution of the

spe
trum as a fun
tion of the inter quadrumer 
oupling j using both, exa
t diagonalization (ED)

and series expansion (SE) by 
ontinuous unitary transformation. We 
ompute (i) the ground state

energy, (ii) the elementary triplet ex
itations, (iii) singlet ex
itations on �nite systems and �nd very

good agreement between SE and ED. In the thermodynami
 limit we �nd a ground state energy

substantially lower than do
umented in the literature. The elementary triplet ex
itation is shown to

be gapped and almost dispersionless, whereas the singlet se
tor 
ontains strongly dispersive modes.

Eviden
e is presented for the low energy singlet ex
itations in the spin gap in the vi
inity of j = 1

to result from a large downward renormalization of lo
al high-energy states.

PACS numbers: 75.10.Jm, 75.50.Ee, 75.40.-s

Quantum-magnetism in low dimensions has re
eived


onsiderable attention re
ently due to the dis
overy of

numerous materials with spin-1=2 moments arranged in


hain, ladder, and depleted planar stru
tures. Many of

these systems exhibit strongly gapped ex
itation spe
tra

indu
ed by various types of magneti
 dimerization and

dis
rete symmetry breakings. Yet, low energy 
olle
tive

spin dynami
s may emerge from materials with strong ge-

ometri
al frustration leading to ground states with near

ma
ros
opi
 degenera
y and possibly even zero tempera-

ture entropy

1,2

. In this respe
t quantum spin systems on

the kagom�e, and more re
ently on the pyro
hlore latti
e

are of parti
ular interest. While their 
lassi
al 
ounter-

parts have been studied in 
onsiderable detail the role of

quantum 
u
tuations in su
h systems is an open issue.

For the spin-1=2 kagom�e latti
e gapless singlet ex
ita-

tions and a high density of singlet states in the singlet-

triplet gap have been established on �nite systems by

ED

2

. Similar analysis of the pyro
hlore quantum-magnet

is severely 
onstrained by its three-dimensional stru
ture.

Therefore, and as a �rst step, several investigations

3{6

have fo
ussed on the planar proje
tion of the pyro
hlore

quantum-magnet, i.e. the spin-1=2 
he
kerboard latti
e

of Fig. 1a) for the 
ase of j = 1.

In parti
ular, ED at j = 1 has resulted in a sizeable

spin gap and a large number of in-gap singlet states

3,6

.

Moreover, re
ent ED

6

has given strong eviden
e in favor

of a valen
e bond 
rystal (VBC) ground state with long

range order in the S = 0 quadrumers shown in Fig. 1a).

While this has been 
on
luded from the quadrumer 
orre-

lation at j = 1 it emphasizes the need for a perturbative

investigation of the 
he
kerboard magnet starting from

the limit j ! 0 in Fig. 1a). Low-order perturbation the-

ory has been performed previously for the 
he
kerboard

magnet

4

however with the unperturbed Hamiltonian 
ho-

sen at varian
e with the VBC found in the ED

6

. There-

fore, the purpose of this work is to explore the evolution

of the spin spe
trum of the 
he
kerboard spin-1=2 magnet

as a fun
tion of the inter quadrumer 
oupling j, 
ontrast-
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FIG. 1: a) The 
he
kerboard latti
e. Spin-1=2 moments are

lo
ated on the open 
ir
les. Full (dashed) lines label the

quadrumer bonds (bonds 
orresponding to the expansion pa-

rameter j). b) Energy (E), spin (S), and lo
al q

l

quantum-

number of a single quadrumer.

ing exa
t diagonalization (ED) against high-order series

expansion (SE).

Written in a form adapted to the VBC symmetry

breaking and normalized to an overall unit of energy the

Hamiltonian of the 
he
kerboard magnet reads

H =

X

l

�
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13l
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24l

)

+j (P
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P
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= H

0

+ j

N

X

n=�N

T

n

(2)

where P

i:::jl

= S

il

+ : : : + S

jl

and S

il

refers to spin-

1=2 operators residing on the verti
es i = 1 : : : 4 of the

quadrumer at site l, 
.f. Fig. 1a). H

0

is the sum over

lo
al quadrumer Hamiltonians the spe
trum of whi
h, 
.f.

Fig. 1b), 
onsists of four equidistant levels whi
h 
an be

labeled by spin S and the number of lo
al energy quanta

q

l

. H

0

displays an equidistant ladder spe
trum labeled by

Q =

P

l

q

l

. The Q = 0 se
tor is the unperturbed ground



2

state j0i of H

0

, whi
h is the VBC of quadrumer-singlets.

The Q = 1-se
tor 
ontains lo
al S = 1 single-parti
le

ex
itations of the VBC with q

l

= 1, where l runs over

the latti
e. At Q = 2 the spe
trum of H

0

has a total

S = 0; 1, or 2 and is of multiparti
le nature. For S = 0

at Q = 2 it 
onsists of one-parti
le singlets with q

l

= 2

and two-parti
le singlets 
onstru
ted from triplets with

q

l

= q

m

= 1 and l 6= m. Consequently the perturbing

terms / j in (1) 
an be written as a sum of operators T

n

whi
h nonlo
ally 
reate(destroy) n � 0 (n < 0) quanta

within the ladder spe
trum of H

0

.

It has been shown re
ently

7{9

that problems of type

(2) allow for high-order SE using a 
ontinuous unitary

transformation generated by the 
ow equation method

of Wegner

10

. The unitarily rotated e�e
tive Hamiltonian

H

e�

reads

7,9

H

e�

= H

0

+

1

X

n=1

j

n

X

jmj = n

M(m)=0

C(m) T

m

1

T

m

2

: : : T

m

n

(3)

where m = (m

1

: : :m

n

) is an n = jmj-tuple of integers,

ea
h in a range of m

i

2 f0;�1; : : : ;�Ng. In 
ontrast to

H of (1), H

e�


onserves the total number of quanta Q.

This is evident from the 
onstraint M(m) =

P

n

i=1

m

i

=

0. The amplitudes C(m) are rational numbers 
omputed

from the 
ow equation method

7,9

.

Previous appli
ations of this method to spin models

have been 
on�ned to dimer systems

9

whereN � 2. Here

we report on its �rst appli
ation using a quadrumer ba-

sis where N � 6. Expli
it tabulation

11

of the T

n

shows

that for the 
he
kerboard magnet N = 4. Be
ause the

quadrumer basis 
onsists of 16(4) states(spins) rather

than only 4(2) states(spins) as for dimer systems, the

maximum order a
hievable by a quadrumer expansion is

lower in general than for a dimer expansion. Here we

present results up to O(7) for the ground state energy

and the elementary triplet as well as up to O(6) for the

Q = 2 singlets. The C(m)-table is available on request

11

.

Q-
onservation leads to a ground state energy of

E

g

= h0jH

e�

j0i : (4)

Evaluating this matrix element on 
lusters with periodi


boundary 
onditions, suÆ
iently large not to allow for

wrap around at graph-length n one 
an obtain SEs valid

to O(n) in the thermodynami
 limit, i.e. for systems of

in�nite size.

Q-number 
onservation guarantees the Q = 1-triplets

to remain genuine one-parti
le states. A priori single-

parti
le states from se
tors with Q > 1 will not only dis-

perse viaH

e�

, but 
an de
ay into multi-parti
le states. A

posteriori however su
h de
ay may happen only at high

order in j leaving the ex
itations almost true one-parti
le

states. The dispersion of the single-parti
le ex
itations is

E

�

(k) =

X

lm

t

�;lm

e

i(k

x

l+k

y

m)

(5)

where t

�;lm

= h�; lmjH

e�

j�; 00i � Æ

lm;00

E

ob


g

are hop-

ping matrix elements from site (0; 0) to site (l;m) for

a quadrumer ex
itation � inserted into the unperturbed

ground state. For the thermodynami
 limit t

�;lm

has to

be evaluated on 
lusters with open boundary 
onditions

large enough to embed all linked paths of length n 
on-

ne
ting sites (0; 0) to (l;m) at O(n) of the perturbation.

E

ob


g

= h0jH

e�

j0i on the t

�;00

-
luster.

To assess the 
onvergen
e of the SEs, as well as to

identify the remaining ex
itation spe
trum, we will 
on-

trast the SEs with ED of �nite systems. For this purpose

eqns. (4,5) apply equally well, with however the 
luster

topologies set by the �nite systems. We emphasize, that

for some of the SEs generated by (3) on �nite systems

we were also able to 
ompute standard SEs using a 
om-

pletely di�erent 
ode

12

. In all 
ases we found both SEs

to agree whi
h serves as an independent 
he
k.

Fig. 2 summarizes our results for the ground state en-

ergy per spin e

g

(j), the spin gap E

T

(j), and the spe
trum

of the low lying singlets. The �gure 
ompares the SEs

with our ED data on 2(3)�2�4 systems, i.e. 16(24) spins,

as a fun
tion of j, as well as available ED data

6

on 3�3�4

sites, i.e. 36 spins, at j = 1. SEs are shown both for the

identi
al system sizes and also for the thermodynami


limit to O(j

7

) for e

g

and E

T

as well as to O(j

6

) for the

Q = 2-singlets. All SE data refers to the a
tual series,

no Pad�e 
ontinuations have been applied.

First we fo
us on the ground state energy in Fig. 2a).

In the thermodynami
 limit we �nd

e

1

g

(j) = �

1

2

�

j

2

96

�

j

3

768

�

451 j

4

387072

�

127 j

5

338688

�

865153 j

6

3072577536

�

24293225710331 j

7

178396309802188800

(6)

whi
h is lower than the de
oupled quadrumer-value of

e

g

(0) = �1=2 for all j � 1 and yields e

1

g

(1) � �0:513677.

This is also lower than the value of ~e

1

g

(1) � �0:49622

whi
h is above the bare quadrumer limit and has been

reported from a di�erent third-order SE starting from

de
oupled tetrahedra

4

. While the SEs are not related to

a variational prin
iple the pre
eding is 
onsistent with the

de
oupled quadrumers to in
orporate the proper ground

state 
orrelations for j � 1 rather than the tetrahedral

limit. This is 
on�rmed on the �nite systems in Fig. 2a),

where pra
ti
ally quantitative agreement is found for

j

<

�

0:7 between ED and SE for 2(3)�2 �4 sites. At j � 1

very small deviations o

ur, whi
h however de
rease with

system size. They are � 2% on the 16(24)-spin latti
es

and only 0.7% on the 3 � 3 � 4 site system

6

. Regarding

the SEs this agreement is remarkable also, sin
e the high-

order de
rease of SE-
oeÆ
ients

11

tends to be slowed

down on �nite geometries. On the 2(3) � 2 � 4 latti
e

we observe a kink in the e

g

(j) as obtained from the ED

at j � 1 whi
h suggests a 
hange of the nature of the

ground state on these systems in the vi
inity of j = 1.

This is probably a spe
ial property of the 16(24)-spin

latti
es

6

.

Next we dis
uss the elementary triplet ex
itations.
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FIG. 2: a) Ground state energy per spin, b) spin gap and


) singlet ex
itations with k = 0 as a fun
tion of j. Lines


orrespond to the series, symbols to exa
t diagonalization.

The numeri
al data at j = 1 for 36 spins is taken from Ref. 6.

The grey shaded area in panel 
) indi
ates that our numeri
al

data is not 
omplete in this region.

The SE to O(j

7

) in the thermodynami
 limit for the

triplet dispersion reads

E

1

T

(k; j) = 1�

7 j

2

36

�

41 j

3

864

�

329887 j

4

6531840

�

580309487 j

5

21946982400

�

16957803829 j

6

790091366400

�

7822020675129119 j

7

557488468131840000

�

�

53 j

5

1036800

+

59527 j

6

1306368000

+

74504581093 j

7

948109639680000

�

(
os(k

x

) + 
os(k

y

))

+

�

1679 j

6

32659200

+

2039741 j

7

438939648000

�


os(k

x

) 
os(k

y

) : (7)

Remarkably, the hopping amplitude is ex
eedingly small

and sets in only at O(j

5

) hinting at a fairly extended

polarization 
loud ne
essary in order to allow for triplet

motion

13

. From (7) the spin gap o

urs at k = 0.

The spin gap is shown in Fig. 2b)

14

. Again, on �nite

systems of 2(3)�2 �4 sites and for j

<

�

0:7 the agreement

between ED and O(j

7

)-SE is very good. At j = 1 and for

the SEs shown the absolute value of the relative di�eren
e

to the numeri
ally exa
t values for the spin gap improves

from 11%, to 8.6%, to 2.7% on passing from 16, to 24, to

36 spins. A 
lear 
usp is observable in E

T

(j) 
lose to j =

1 on the 2(3)�2 �4 systems. This is 
losely related to the

previously anti
ipated 
hange in the nature of the ground

state on the 16(24)-spin systems at j � 1 and is not


aptured by the SE. While no j-s
an of E

T

is available

on 3�3�4 sites it is remarkable that at j = 1 the SE agrees

better with ED for 36 spins than for 16(24) spins and that

the SE behaves qualitatively di�erent, both on the 3�3�4

latti
e and in the thermodynami
 limit as 
ompared to

the 2(3)�2 �4 latti
es. I.e., on the larger systems the gap

de
reases monotonously, while it in
reases beyond j

>

�

1

on the smaller two. This suggests an absen
e { or strong

redu
tion { of the dis
ontinuities 
lose to j = 1 on larger

systems improving the 
onvergen
e of the SE.

Finally we dis
uss the low energy singlet ex
itations.

At j � 1 they result from theQ = 2 se
tor whi
h involves

solving a two-parti
le problem 
oupled to a one-parti
le

problem. We have found the mixing between the one-

and two-parti
le states in the S = 0, Q = 2 se
tor to

be very weak. In fa
t, on the 2 � 2 � 4 system the mix-

ing vanishes identi
ally in the ED as well as the SE up

to O(j

7

). For all other systems analyzed by SE in
lud-

ing the thermodynami
 limit, the mixing sets in only at

O(j

5

). Therefore the Q = 2 one-parti
le singlet remains

an almost true one-parti
le state even at �nite j. In

addition its dispersion E

1

S;1pt

up to O(j

4

) is determined

exa
tly by (5). In the thermodynami
 limit we get

E

1

S;1pt

(k; j) = 2�

5 j

2

12

�

11 j

3

96

�

227 j

4

3024

�

�

j

2

4

+

j

3

16

+

23 j

4

2304

�

(
os(k

x

) + 
os(k

y

))�

3 j

4

512

(
os(2 k

x

)

+ 
os(2 k

y

)) +

53 j

4

1152


os(k

x

) 
os(k

y

) : (8)

In sharp 
ontrast to (7) this low energy singlet is strongly

dispersive. Its gap resides at k = 0.

Fig. 2
) shows the evolution of all eigenvalues of H

from (1) in the singlet se
tor on the 3 � 2 � 4 system at

k = 0 as well as the spe
trum of H

e�

at O(j

6

) in the

S = 0, Q = 2 se
tor. For j

<

�

0:7 the agreement between

ED and SE is satisfying. Similar agreement is found at

the remaining k-ve
tors. The lowest S = 0 ex
itation 
an

be identi�ed with a singly degenerate Q = 2 two-triplet

ex
itation. The binding energy for this two-parti
le state

is approximately proportional to j with a 
oeÆ
ient of

order unity. Starting at j

>

�

0:7 a large number of singlets

from higher Q-se
tor enter the low energy spe
trum. At

j = 1 several of these singlets reside in the spin gap. This

is 
onsistent with ED at j = 1 in Refs. 3,6. The singlet

gap o

urs at k = 0. Preliminary analysis indi
ates that

the lowest singlets have a substantial overlap with the

Q = 4 se
tor. The numeri
al spe
trum in Fig. 2
) is

very suggestive of a softening in the singlet se
tor in the

vi
inity of j = 1. If this is a feature parti
ular only to the

�nite systems is an issue in 
lear need of further study.

Close to j = 0:7 a near level 
rossing o

urs, with the

lowest state of the SE for j

>

�

0:7 
orresponding to a
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FIG. 3: System size dependen
e of the dispersion from SE

for Q = 1, S = 1 and Q = 2, S = 0. Lines: E

T

(k; j) (al-

most nondispersive) and E

S;1pt

(k; j) (dispersive). Symbols:

all eigenvalues of the Q = 2, S = 0 se
tor.


ontinuation of the Q = 2 one-parti
le singlet.

Finally we spe
ulate on the �nite size dependen
e to

be expe
ted for systems presently ina

essible to ED fo-


using on the Q = 1 triplet- and the Q = 2, S = 0

singlet-se
tor by using SE instead. In Fig. 3 we show

the spe
trum of H

e�

for these two se
tors at O(j

5

) for

j = 0:8 and 1:0 along a path in the Brillouin zone (BZ)

on four systems ranging from N = 3 � 3 � 4 sites up to

the thermodynami
 limit. As we have pointed out SEs

will 
onverge more rapidly on larger systems. Therefore,

at j = 0:8 the SE results of Fig. 3 will be rather well


onverged while at j = 1 they will be qualitatively 
or-

re
t. Fig. 3 in
ludes the one-parti
le triplet and singlet

dispersions, E

T

(k; j) and E

S;1pt

(k; j) with k varying 
on-

tinuously along the path in the BZ. For the latter 
urve

E

S;1pt

(k; j) has been evaluated at O(j

5

). Moreover in the

thermodynami
 limit and for Q = 2 only E

S;1pt

(k; j) is

depi
ted. First Fig. 3 illustrates the di�eren
e in strength

of the dispersion between the elementary triplet and al-

most one-parti
le singlet from the Q = 2-se
tor. Se
-

ond the �gure shows that both, the elementary triplets

and the 
orresponding, almost two-parti
le singlets with

Q = 2 display only a small downward shift with in
reas-

ing system size. However, the spe
trum of the almost

one-parti
le singlet with Q = 2 experien
es a strong re-

du
tion of its band-width in
luding an upward shift of

its gap. In parti
ular, at j = 1 the SE suggests that the

Q = 2-singlets are above the spin gap for suÆ
iently large

systems and that only singlets from se
tors with Q > 2

might reside in the spin gap

15

. This underlines the need,

both, for larger systems in ED and larger Q-values in SE

studies of the singlet se
tor.

In 
on
lusion, by 
omparing ED and SE we �nd the de-


oupled quadrumer-limit to be an ex
ellent starting point

for a perturbative treatment of the spin-1=2 
he
kerboard

magnet even at j � 1. The remarkably fast 
onvergen
e

of the series for the ground state and the elementary

triplet ex
itation up to at least j = 1 indi
ates that the

points j = 0 and 1 belong to the same phase. This is


onsistent with the strong VBC 
orrelations observed

6

at

j = 1. We have further shown the elementary triplets of

the 
he
kerboard magnet to be almost nondispersive. Up

to intermediate j the elementary singlet ex
itations are

almost nondispersive two-parti
le states from the Q = 2

se
tor residing above the spin gap. On �nite systems and

in the vi
inity of j = 1, we �nd a strong downward shift of

singlets from higher Q se
tors, entering the spin gap. In

future work it would be interesting to study these higher

Q-se
tors by SE and to obtain j-dependent ED spe
tra

on larger systems, extending in parti
ular the 36-site re-

sults of Ref. 6 to j 6= 1.
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