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The spin-1/2 Heisenberg antiferromagnet on the diamond-decorated square lattice in the presence
of a magnetic field displays various quantum phases including the Lieb-Mattis ferrimagnetic, dimer-
tetramer, monomer-dimer, and spin-canted phases, in addition to the trivial fully saturated state.
Thermodynamic properties of this model are investigated using several complementary analytical
and numerical methods such as exact diagonalization up to the systems of 40 spins, an effective
monomer-dimer description, sign-problem-free quantum Monte Carlo simulations for up to 180 spins,
and a decoupling approximation. Our particular attention is focused on the parameter region
favoring the dimer-tetramer phase. This ground state can be represented by a classical hard-dimer
model on the square lattice and retains a macroscopic degeneracy even under a magnetic field.
However, the description of the low-temperature thermodynamics close to the boundary between the
macroscopically degenerate dimer-tetramer and the non-degenerate monomer-dimer phases requires
an extended classical monomer-dimer lattice-gas model. Anomalous thermodynamic properties
emerging in the vicinity of the dimer-tetramer phase are studied in detail. Under the adiabatic
demagnetization we detect an enhanced magnetocaloric effect promoting an efficient cooling to
absolute zero temperature.
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I. INTRODUCTION

Over the past decades significant attention has been
dedicated to the investigation of low-dimensional quan-
tum magnets situated on geometrically frustrated lattices
[1-4]. The hallmark of classical highly frustrated mag-
nets are macroscopically degenerate ground states [4-6].
Quantum fluctuations instead possess the remarkable ca-
pability to manipulate and potentially eliminate such de-
generacies through a phenomenon known as the quantum
order-by-disorder mechanism [6-12].

Quantum spin systems thus often exhibit ordered
ground states such as long-range antiferromagnetism [13—
15] or valence bond solids [16-19]. However, the interplay
of frustration and quantum fluctuations can occasionally
also give rise to the emergence of exotic quantum dis-
ordered states, most prominently in quantum spin lig-
uids [20-23]. Characterized by long-range entanglement,
quantum spin liquids indeed exhibit a plethora of intrigu-
ing phenomena, including the fractionalization of exci-
tations and the emergence of topological order [24-28].
Nevertheless, it is also feasible for frustrated quantum
magnets to stabilize quantum disordered phases that re-
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tain a peculiar macroscopic degeneracy in the absence of
quantum spin-liquid characteristics.

Frustrated quantum spin systems constitute a chal-
lenge for theory—for example, because the infamous
sign problem [29, 30] precludes straightforward and ef-
ficient quantum Monte Carlo simulations. For this rea-
son, tailor-made models such as the Rokhsar-Kivelson
[31] and Kitaev [32] models have been proposed in or-
der to allow for obtaining an exact solution. However,
geometric frustration can sometimes also be beneficial
rather than detrimental: if kinetic energy is significantly
or even completely suppressed by destructive quantum
interference, the quantum problem may be mapped to an
effective classical dimer model [33] or at least well approx-
imated by a quantum dimer model [34], thus rendering
a controlled approximation if not an exact treatment of
the low-energy physics possible. Examples of such phe-
nomena include but are not limited to models with exact
dimer ground states in one [16] and two dimensions [17],
the one-third plateau in the kagome quantum antiferro-
magnet [35, 36], and localized magnons appearing just
below the saturation field of highly frustrated antiferro-
magnets [37-42].

In this respect, the Heisenberg model on the diamond-
decorated square lattice, sketched in Fig. 1, serves as
an illustrative example of the interplay between frustra-
tion, quantum fluctuations, and emergent phenomena.
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FIG. 1. The spin-1/2 Heisenberg model on the diamond-
decorated square lattice with one unit cell shown by the yellow
square. The decoupling approximation of Sec. III B is devel-
oped from the spin-star cluster framed in a blue square.

Previous investigations into the ground-state character-
istics of this model in the absence of a magnetic field
demonstrate the presence of a Lieb-Mattis ferrimagnetic
phase, a monomer-dimer phase, and a dimer-tetramer
phase [43-47]. The latter two phases exhibit a macro-
scopic ground-state degeneracy in the absence of a mag-
netic field and thus deserve particular attention. The
dimer-tetramer ground state retains its macroscopic de-
generacy even in the presence of a finite magnetic field
(in contrast to the monomer-dimer state), highlighting its
exceptional character [48]. This robust degeneracy can
furthermore be related to the classical hard-dimer model
on the square lattice, emphasizing its connection to well-
known models in condensed-matter physics [33, 49-55].
Hence, the dimer-tetramer phase, characterized by its
short-range ordering and robust macroscopic degeneracy
over an extended parameter regime, offers an intrigu-
ing perspective on frustrated quantum magnetism. In
this paper, we therefore examine the thermodynamic and
magnetocaloric properties of the dimer-tetramer phase of
the spin-1,/2 Heisenberg model on the diamond-decorated
square lattice, including a finite magnetic field. Indeed,
we will show that this phase presents an ideal candidate
for applications such as magnetic cooling during the pro-
cess of adiabatic demagnetization [56-58].

The further organization of this paper is as follows:
The Hamiltonian and ground-state phase diagram of the
spin-1/2 Heisenberg model on the diamond-decorated
square lattice are reviewed in Sec. II. Our analytical and
numerical approaches will be introduced in Sec. III. Re-
sults are then presented in Sec. IV and a final summary
is provided in Sec. V.

II. HEISENBERG MODEL ON THE
DIAMOND-DECORATED SQUARE LATTICE

In the following, we consider the spin-1/2 Heisenberg
model on the diamond-decorated square lattice depicted
in Fig. 1, and defined through the Hamiltonian

N
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The spin-1/2 operator S; , = (57, Slyu, S7,,) is assigned
to the pth spin of the ith unit cell. The 1ndlces 1 — 2 and
1 — g refer to the unit cells immediately to the left and
below the ith unit cell, respectively. We consider a finite
lattice consisting of N unit cells, containing Ny = 5N
spins, and we apply periodic boundary conditions. Typ-
ically, we utilize square lattices with lattice sizes L, Ly,
and the total number of unit cells N = L,L,. The two
distinct exchange interactions J; and J, are depicted in
Fig. 1 by thin and thick lines, respectively. The magnetic
field (h) term represents the standard Zeeman coupling
of the spin degrees of freedom to an external magnetic
field.

Our investigations center on the thermodynamic prop-
erties of the dimer-tetramer phase. However, we start
by providing a brief overview of the ground-state phase
diagram and the characteristics of various phases occur-
ring in the low-field regime. The ground-state phase dia-
gram of the spin-1/2 Heisenberg model on the diamond-
decorated square lattice is depicted in Fig. 2 and was
extensively described previously [48]. It exhibits five
phases in the parameter plane spanned by the interac-
tion ratio Jy/J; and the reduced magnetic field h/J;.
In addition to a saturated paramagnetic (PM) state and
the spin-canted (SC) phase, the phase diagram features
three distinct phases: the Lieb-Mattis (LM) ferrimag-
netic, the dimer-tetramer (DT), and the monomer-dimer
(MD) phases. In the LM phase the Heisenberg dimers
form triplets and the overall state is reminiscent of clas-
sical ferrimagnetic order. The MD and DT phases exhibit
fragmentation. In both cases, the overall wave function
can be expressed as a product of individual fragments
[48]. In the MD phase, singlet dimers (depicted in Fig. 2
as yellow ovals) coexist with free monomeric spins in
zero field (h = 0) and fully polarized monomeric spins
in nonzero field. More specifically, the ground state can
be presented as follows:
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FIG. 2. (a) Ground-state phase diagram of the spin-1/2
Heisenberg model on the diamond-decorated square lattice.
The following phases were obtained in Ref. [48]: saturated
paramagnetic (PM), spin-canted (SC), Lieb-Mattis (LM) fer-
rimagnetic, dimer-tetramer (DT), and monomer-dimer (MD)
phases. Panel (b) zooms in on the DT phase that is the focus
of the present paper and provides cartoons of representative
ground states in the DT, MD, and LM phases. Red-broken
lines show phase boundaries as obtained from the spin-star
decoupling approximation discussed in Sec. 111 B.

where |s)g = (1)) — |4)|1))/V/2 represents the dimer-
singlet state. The DT phase is particularly intriguing be-
cause it comprises a macroscopic number of states that
contain both singlet dimers and singlet tetramers. The
singlet tetramers contain in turn triplet dimers, as de-
picted in Fig. 2 by large yellow and small purple ovals,
respectively. Furthermore, each singlet tetramer is sur-
rounded by singlet dimers within the DT ground-state
manifold. As a result, overall these DT states are sin-

glets and are of the following form:
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/
where H (@ denotes the product over a subset of dimers

that are not nearest neighbors. This phase exhibits a
macroscopically high degeneracy that is related to the
hard-dimer model on the square lattice [49-55]. We will
be especially interested in the regime near the quantum
phase transition line between the MD and DT phases.
This transition line is given by the condition

h=2J, — Jo, if 1487, < Jp < 21, (4)

and here, the model is expected to exhibit an enhanced
magnetocaloric effect, as we explain further below.

We note that the finite-temperature properties in the
vicinity of the MD-LM transition are well captured by a
Ising-Heisenberg variant of the model [59, 60]. By con-
trast, the DT phase (which is the focus of the present
investigation) owes its existence to quantum fluctuations
on the monomeric spins and is thus absent in the Ising-
Heisenberg variant.

III. METHODS

The overall thermodynamic properties and thermal
phase transitions for various phases of this model were ex-
amined previously [48]. Here, we focus on the macroscop-
ically degenerate DT phase, which is investigated using
exact diagonalization, sign-problem-free quantum Monte
Carlo simulations, an effective monomer-dimer (EMD)
description, as well as a spin-star decoupling approxima-
tion. We also show some density-matrix-renormalization
group (DMRG) ground-state results, but no new data
has been produced for the present purposes such that we
refer to Ref. [48] for technical details on these DMRG
calculations.

At the beginning of each of the following subsections,
we briefly outline its purpose. Readers primarily inter-
ested in the results and their implications may skip the
technical details in the corresponding subsections, or pro-
ceed directly to Sec. IV, where our findings are discussed
in detail.

A. Effective monomer-dimer (EMD) model

In this subsection, we derive and discuss the transfer-
matrix solution of the effective monomer-dimer (EMD)



model as a simplified approach to describe the low-
temperature thermodynamic properties of the spin-1/2
Heisenberg model in the DT phase. This model focuses
on capturing the contributions of low-energy excitations
from triplets to singlets and their influence on quantities
such as entropy, specific heat, and magnetization.

In order to formulate the effective model at the bound-
ary between the MD and DT phases, we recall some no-
tation [48]. The energy of singlet dimers of the MD state
(2) can be calculated as follows:

3N
By = 2New = ==, (5)
where €54 = _%JQ is the energy of one singlet dimer. To

obtain the energy of the MD state at nonzero fields, we
need to add the contribution of the Zeeman term for the
monomer spins to Eq. (5):
Evp = Eﬁ/([)])a — Nh/2. (6)
The DT phase of the states (3) consists of N/2 singlet
tetramers and 3N/2 singlet dimers. Thus, its energy is

3 1
Epr=N <255d + 2€st> =—N(J2+ 1), (7)
where ¢4 = —2J7 + %Jz is the energy of the singlet

tetramer. The condition Eyip = Epr yields the phase-
transition line given by Eq. (4). The ground state is
macroscopically degenerate on the phase-transition line.
It contains all possible configurations of two states of dec-
orated diamonds: (i) singlet dimers, (ii) singlet tetramers
containing a dimer triplet. For all states the condition
applies that the singlet tetramers cannot have common
edges.

The singlet-dimer-to-singlet-tetramer
given by the gap

excitation is

AH’V:ESt—ESdZJQH’V—QJl. (8)
Here, we have introduced a distinction between horizon-
tal (H) and vertical dimers (V) with two different inter-
action constants JI and J) in anticipation of a transfer-
matrix approach that will treat the two spatial directions
differently.

It should be noted that the two monomer spins in a
diamond do not contribute to the Zeeman term in case
they are included in the singlet tetramer. As a result,
the effective low-temperature model can be considered
as a monomer-dimer problem on the square lattice [49],
where dimers can be located on the bonds of a square
lattice connecting nearest-neighbor vertices (which cor-
responds to the singlet tetramer state of the diamond-
decorated square lattice) and each vertex may host no
more than one dimer ( i.e., different singlet tetramers
cannot have common spins). This correspondence is il-
lustrated in Figs. 3(a) and 3(b). Defining the energy

with respect to the dimer singlets, the partition function
of such a model can be written as follows:

_3E©
BEN D ZxH v M (9)

where ). denotes the sum over all possible configu-
rations of dimers on the square lattice; M, H, V are
the numbers of monomers and horizontal and vertical
dimers (which obey the restriction 2H + 2V + M = N);
r = e Prr Yy = e PAV 5 = 2cosh(Bh/2) are the re-
spective activities, 8 = 1/T is the inverse temperature
(where we set kg = 1). The monomer activity z cor-
responds to the partition function of a single monomer
spin in an external field. Recall that we have introduced
the anisotropic excitations Ay and Ay for the horizontal
and vertical dimers in order to identify the correspond-
ing contributions in Eq. (9) explicitly, but fix Ay = Ay
(JH# = JY = J3) in all final calculations.

After introducing o = 2/y, v = z/y*/?,
the partition function as

)
7 — e_ﬁEf\;’DyN/z ZQH,YM7 (10)

we represent

where a = e~ #(Au—Av) 4 = 2cosh(Bh/2)ePAV /2.

One can prove without solving the model that the free
energy of the monomer-dimer system is analytic such
that this model cannot exhibit any finite-temperature
phase transition [50, 53].

In order to calculate the partition function, we resort
to the transfer-matrix formalism [49] (see also Refs. [54,
55, 61]). The transfer matrix proceeds on two neighbor-
ing rows of vertical bonds. Vertical dimers are identified
with spins up (1), and the absence of dimers on vertical
bonds corresponds to spin down (J) [see Fig. 3(c)]. The
transfer matrix in operator form contains three contribu-
tions, V = V3V, Vq, with

i = [
Vo = exp(viff[),

Vi = exp(ozZJi_o;_I), (11)

where o7 and aii = 0¥ +io! are the corresponding Pauli
matrices. Here, V7 counts all possible configurations of
closely packed vertical dimers, where o} fixes the con-
dition that the configurations with two spins up in the
vertical direction, i.e., two neighboring dimers, are for-
bidden. The second term V5 describes the creation of a
monomer instead of a vertical dimer upon the action of
the o;” operator. In a similar manner, V3 corresponds to
the creation of horizontal dimers by the annihilation of
pairs of neighboring vertical dimers. It is easy to check
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FIG. 3. Schematic of a particular configuration of the mixture
of MD and DT phases in different representations. (a) The
diamond-decorated square lattice where yellow ovals indicate
a singlet state on the highlighted clusters. (b) EMD repre-
sentation of the same model. (¢) The spin representation for
the transfer-matrix formalism [49].

that V = V1 is Hermitian, since V1VZ-T =V;Vj fori=2,3.
For the algebraic calculations it is more convenient to
consider V?,

V2 = VsV Vi VsV = VaVa Vi V| (12)

Lo L,
where V, =exp(y Yo, Vi =exp(a Siotol).
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FIG. 4.

A spin-star fragment of the spin-1/2 Heisenberg
model on the diamond-decorated square lattice (left), which
can be mapped to a simpler composite spin-star owing to lo-
cal conservation of the total spin on each dimer (right).

The partition function can then be written as
Z = e PBAbyN/2 Ty ly, (13)

An exact solution of this problem is available only for
the pure dimer model (y = 0) [49], where one can estab-
lish an equivalence to a generalized XY model [51, 52].
Then, the transfer matrix is of the form V = VE;V?)T, and
can be diagonalized within the Jordan-Wigner fermion-
ization scheme [49]. In the isotropic case, « = 1, one
obtains the entropy per unit cell of the closely-packed
dimer model, s4 /= 0.29156 [43].

Here, we consider the EMD model where all the terms
(11) in the transfer matrix are taken into account. There-
fore, we proceed with a numerical calculation of the max-
imal eigenvalue A,.x of the transfer matrix. Using the
Lanczos procedure [62], we are able to find Ap.x for sys-
tems with a number of unit cells in the horizontal di-
rection L, up to 16. In the limit L, — oo, only the
maximal eigenvalue Ay, remains essential compared to
the others, thus giving us the free energy per unit cell as
follows:

1 1
f - _N,Ban_fO_ﬁLx 1nAmaxa
3 1
fo = _1J2}I_1J2‘/_J1~ (14)

All other thermodynamic quantities are finally obtained
by numerical differentiation.

B. Spin-star decoupling approximation

This subsection introduces the spin-star decoupling ap-
proximation as a tool to describe low-energy excitations
and their thermodynamic effects from the short-range
perspective. In contrast to the EMD approach of the
previous subsection, here we also take triplet excitations
on the dimers into account.

The spin-star decoupling approximation is developed
from the idea of decomposing the total Hamiltonian of



the spin-1,/2 Heisenberg model on the diamond-decorated
square lattice (1) into a sum of non-commuting cluster
Hamiltonians H° = Zjvzl HY ascribed to individual spin-
star clusters. As a starting point of our calculation we
will therefore consider the Hamiltonian 7—[? of a single
spin-star cluster, which is composed of one monomeric
spin and its four neighboring dimers. The considered
spin-star cluster is schematically illustrated on the left-
hand side of Fig. 4 including simplified notation and is
mathematically defined as follows:

7‘[? = J180 - (81+82+ 83+ 84+ 85+ 86 +S7+8Ss)

J
+?2(Sl'S2+SS'S4+S5'S6+S7'SS)~ (15)

The inclusion of the factor of 1/2 in the second term
ensures that the intradimer interaction Jo will not be
double-counted if one performs a summation over the
spin-star Hamiltonians H;-) at the end of our calculation.
Note furthermore that we have omitted the Zeeman term
because this term can be trivially added at the end of the
calculation as it only shifts the respective eigenenergies
thanks to the total Hamiltonian and the Zeeman term
commuting with each other. Within the spin-star clus-
ter decoupling, the total energy of the spin-1/2 Heisen-
berg diamond-decorated square lattice will be obtained
as the sum of eigenenergies of the spin stars given by
the cluster Hamiltonian (15) upon simply disregarding
the non-commutative nature of the cluster Hamiltonians
[H?,H3] # 0 for neighbors i and j.

Owing to the local conservation of the total spin on
each dimer, it is convenient to express the cluster Hamil-
tonian (15) in terms of composite spin operators of four
dimers denoted as Sp, = So9;—1 + So9; (i = 1,...,4), as
well as the total spin of the dimers Sp = Z?zl Sp, and
the total spin of the spin star denoted as S; = Sy + Sp.
Consequently, the eigenenergies of the spin-star cluster
Hamiltonian (15) can be obtained from the eigenenergies
of a simpler composite spin star illustrated on the right-
hand-side of Fig. 4, which depend only on the total quan-
tum spin number S}, the composite quantum spin num-
bers of the individual dimers Sp,, and the total quantum
spin number of all four dimers Sp,

J 3
Egt,SD,SDi = ?1 |:St(St + 1) - 5 — SD (SD+ 1)

3
—gd2t Z Sp,(Sp, +1).  (16)

We note that each composite spin dimer can be either in
a singlet state characterized by Sp, = 0 or a triplet state
with Sp, = 1, which means that the spin star can have
from zero up to four triplets. Assuming antiferromag-
netic couplings J; > 0 between the central monomeric
spin Sp and the four neighboring spin dimers Sp,, the
energetically most favorable states of the spin star in
each sector correspond to the highest multiplicity of the

3 3 ax
dimer spins SH** =
Eg«t’slry)\ax Wlth

>;Sp,, given by the eigenenergies

E1/20 = —§J2»

E1/2,1 = —Ji—J2,

Eg/2,2 = _ng_%7

Eys = —2J1,

Edjoq = —gJﬁ%. (17)

The total number of triplets within this set of eigenstates
of the spin star thus coincides with the sum of the com-
posite quantum spin numbers Sp.

The total energy of the spin-1/2 Heisenberg model on
the diamond-decorated square lattice can be then deter-
mined by summing the energies of individual spin stars,
whereby the states of the dimers can be effectively de-
scribed within a quasi-particle formalism when assigning
the occupation number n; = 1 to a dimer-triplet state
and n; = 0 to a dimer-singlet state, respectively. By con-
sidering only the five lowest-energy eigenstates of the spin
star, ranging from zero up to four triplet-dimer states as
given by Eq. (17), the eigenenergies can be expressed
in terms of the occupation numbers of the dimer-triplet
states,

3 3 J. J
0 2 2 1 .
E o= 78J 2J2 + 5 Eil i+ 5 J |1(1 n;)

%KZ )(Z ) zm(ZmH)

which can be further simplified into the following com-
pact form:

4
1 1
EY = 5 (J1+3.2) + §(J2—J1)an
=1
4
J1
+ ?H(l—ni). (18)

The last term represents the correction to the energy of
free monomeric spins surrounded by four adjacent dimer
singlets. The eigenenergy Eglywm corresponds to the
spin multiplet with the total quantum spin number

4 4
1
Se= mi+ [0 -n) -3 (19)
=1 =1

Summing the eigenenergies of the spin stars and adding
the respective Zeeman term yields the following formula
for the overall energy of the spin-1/2 Heisenberg model
on the diamond-decorated square lattice Er({n;}) =
EY({ni}) — hS%, where E%({n;}) represents the respec-
tive zero-field energy depending on the set of all occupa-
tion numbers {n;},
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FIG. 5. The diagram illustrates a central monomeric spin (de-
picted as a large purple sphere) surrounded by four occupation
numbers n;,; (depicted as smaller green spheres) arranged in
a square plaquette. The occupation numbers n;; (i =1 — 4)
correspond to composite spin states of four dimers adjacent
to the jth monomeric spin.

Ey({ni}) = _%(Jl +3J2) +

2N
(Jo—J1) Y mi

N
+<‘;1>Z []a =m0 (20)

i=14ed>

The last term in Eq. (20) provides a correction to the en-
ergy when all four dimers surrounding the jth monomeric
spin are in a singlet state. This situation is depicted in
Fig. 5, where the central monomeric spin is surrounded
by four occupation numbers assigned to composite spins
of adjacent dimers. If all four composite spins of the
dimers are in the singlet state, the correction term ac-
counts for this specific configuration, ensuring that the
energy is accurately represented under this specific con-
dition. In Eq. (20), the notation ¢ € ¢ indicates that
the index ¢ runs over the four sites of a square plaquette
surrounding the central monomeric spin, as depicted in
Fig. 5. Finally, S% is the z component of the total spin
St of the whole system, which can be expressed in terms
of the occupation numbers of the dimer-triplet states

:———&—an—i—zn — i) (21)

= i=1ie

The first term accounts for the contribution of the
monomeric spins, while the second term accounts for the
contribution of the dimeric spins. Hence, the second term
involves a summation over the occupation numbers as-
signed to the dimer-triplet states and thus corresponds
to the total number of triplets Ngip. The summation
in the third term is a correction stemming from all free
monomeric spins. In fact, the third term involves a pro-
jection operator for the monomeric spin surrounded by
four dimer-singlet states and thus corresponds to the to-
tal number of free monomeric spins Nyee-

The free energy of the spin-1/2 Heisenberg model on
the diamond-decorated square lattice within the spin-star

decoupling approximation can then be calculated accord-
ing to the formula

fstar = =555 hl Z Z exp

{n;} S5=-Sr

[=BET({ni}) + BhST] .

(22)

We emphasize that the formula (21) for the total quan-
tum spin number Sp tacitly assumes that all free
monomeric spins are fully polarized by the magnetic field.
Therefore, in the zero-field limit the formula (22) for the
free energy does not take into account the degeneracy
from the free monomeric spins (i.e., monomeric spins
surrounded by four singlet dimers), which have a signifi-
cant role in determining the zero-point entropy and low-
temperature thermodynamics in the absence of a mag-
netic field.

To improve the zero-field estimate of the free energy
within the spin-star decoupling approximation, we there-
fore modified the formula (22) for the free energy by ac-
counting for the respective degeneracy factor of the free
monomeric spins

sotar = m In Z Z 9 Niree G‘Xp

{ni} Sz=-52

—BE7({n:})]

(23)

where Nfee = Zjvzl Hi€<>(1 — n;,;) denotes the total
number of the free monomeric spins and the overall spin
multiplicity S% in zero field can be expressed as

2N
Nireo — N
59 = f‘*e# +> ni (24)
=1

The spin-star decoupling approximation recovers the
transition fields around the DT phase in the ground-state
phase diagram [see red broken lines in Fig. 2(b)]. By set-
ting all n; = 0 in Eq. (20), we actually get the exact value
for the ground-state energy of the MD phase (6). Requir-
ing that there is a single triplet dimer in each spin-star
configuration, we instead obtain the exact energy of the
DT phase (7). Calculating the ground-state energy of
the LM phase (all n; = 1) within the spin-star approach,
Eim = —&(5J1 — Jo + 3h), yields the transition field
between the LM and DT phases as h = Jy — J;, which
is very close to the DMRG results shown in Fig. 2(b) [cf.
the red-broken and blue-solid lines in Fig. 2(b)]. Recall
that on the phase boundary the energy of any configu-
ration that contains at least one triplet in the spin-star
cluster has the same energy. This leads to an additional
macroscopic degeneracy (higher than the degeneracy of
the DT phase). This artifact of the decoupling approx-
imation influences the low-temperature behavior of the
entropy discussed in Sec. I'V.

The decoupling approximation based on the spin-star
clusters was developed under two fundamental assump-
tions, (i) ignoring the non-commutative nature of the



FIG. 6. The N = 40 system. Periodic boundary conditions
are indicated by repeated spin labels. Yellow spheres in the
background encode the composite-spin representation on the
underlying Lieb lattice.

cluster Hamiltonians (15) and (ii) subsequently consid-
ering only the five energetically most favorable states of
the spin star given by Eq. (17). Despite these simpli-
fications, the spin-star cluster decoupling offers a rea-
sonable approximation at sufficiently low temperatures
whenever the system is driven towards the fragmented
MD or DT phases, whereas the collective nature of the
LM ferrimagnetic phase is not rigorously accounted for
within this treatment. Although we have attempted to
improve precision of the spin-star approximation in zero
magnetic field by considering degeneracies pertinent to
free monomeric spins, this calculation procedure should
be regarded as much more reliable and precise in the
presence of a magnetic field because of Zeeman splitting
of the relevant spin multiplets. It indeed turns out that
the quantitative agreement between the results derived
from the spin-star approximation and a numerical treat-
ment of the full model progressively extends to higher
temperatures as the magnetic field increases, see Sec. I'V.

C. Exact diagonalization

Here, we provide some details on the exact diagonal-
ization (ED) that we used to obtain numerically precise
results for small system sizes. This method allows us to
calculate a broad range of thermodynamic quantities, in-
cluding magnetization, specific heat, and entropy, serving
as a benchmark for validating analytical and approximate
models.

The full Ny = 30 spectra were obtained previously [48]
and can be re-evaluated for the present purposes. How-
ever, here we push exact diagonalization (ED) further to
the Ny = 40 system sketched in Fig. 6. We have followed
the same strategy as in Ref. [48], exploited conservation
of the total spin on each dimer and thus passed to an

effective Lieb lattice, represented by the yellow spheres
in the background of Fig. 6. For the present Ny = 40 sys-
tem, computer enumeration then yields 191 topologically
nonequivalent arrangements of spin triplets and singlets
on the dimers with degeneracies ranging from 1 (e.g., for
all dimers in the triplet state) to 1152. We were then
able to compute the full spectra in the sectors with up to
Nirip. = 8 triplets. This includes in particular the sector
with Nyip. = 4 triplets that contains the dimer-tetramer
phase for the Ny = 40 geometry. For the sectors with
nine triplets or more, we further diagonalized high-S,
sectors completely and obtained low-energy levels using
the Lanczos procedure [62] combined with the strategy
of Ref. [63]. Specifically, in the Lieb-Mattis regime that
corresponds to 16 triplets in the Ny = 40 system, we were
only able to obtain full spectra for S* > 13 and had to
contend ourselves with low-lying levels for S* < 12, i.e.,
the ferrimagnetic state with magnetization 3/5 and be-
low. Furthermore, we reconstructed the spin multiplets
using S% classification and spin inversion symmetry in
the S* = 0 sector; the latter permits us to avoid diag-
onalizations in the S* = 1 sector, which would usually
have the highest dimension. All in all, we were able to
recover an entropy of 36.082 In(2), i.e., 90.2% of the total
entropy of the Ny = 40 system.

We note that going to the Ny = 40 system is par-
ticularly important in the vicinity of the Lieb-Mattis
phase. Specifically, the lowest state in the sector with
Nirip. > Ng/10 triplets turns out to be in the sector with
spin S = Nyip. — Ns/10 and approaches the Lieb-Mattis
limit S = 3N,/10 for Nyip. = 2Ns/5. At J, = 0, we
find a ground-state energy of —2.46115 J; per unit cell in
the S = 12, Nyip. = 16 sector for Ny = 40. The finite-
size error is about an order of magnitude smaller than the
N, = 30 estimate of —2.46809 .J; as compared to the esti-
mates —2.46083 .J; [46] and —2.46000 .J; per unit cell [48],
respectively. This indicates that the Ny = 40 system can
be considered significantly closer to the thermodynamic
limit than the N4 = 30 one, even if we increased the num-
ber of spins only by a third. This large change can be
attributed to the Ny = 30 system still having additional
symmetries that arise from the periodic boundary con-
ditions imposed on this small system whereas such par-
ticular symmetries are absent in the Ny = 40 geometry,
rendering the latter geometry significantly more generic.
As another indicator, we mention that the ground-state
entropy per site is s ~ 0.0880 and 0.0795 for Ny = 30
and 40, respectively, compared to s ~ 0.0583 in the ther-
modynamic limit [43, 64, 65] (the corresponding ground-
state degeneracy is 14 and 24, respectively).

Figure 7 shows the gaps to the lowest excitation above
the DT ground state for the Ny = 40 system (Nyyip. = 4).
For Jo 2 1.5J1, the gap to the Ny, = 3 excitation
coincides with the DT-MD phase transition in the phase
diagram Fig. 2, as in fact in this case states with any
number Nyip. < Ng/10 collapse. On the other hand, the
field-induced DT-LM transition in Fig. 2 is a true first-
order transition. Thus, the closing of the Ny, = 5 gap
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FIG. 7. Lowest excitations above the DT ground state for
N = 40 with Ngip. = 4. The LM phase (on the left) and
the MD phase (on the right) are shaded in gray. The DMRG
result for the phase boundary between the DT and the LM
phase from Fig. 2 is indicated by the dashed line.

in Fig. 7 is preempted by a direct transition to a Nip. =
16 configuration, reproduced from Fig. 2 by the dashed
line in Fig. 7. As a consequence, the maximum of the gap
is found for Jo/J; &~ 1.4 whereas the maximal extension
of the DT phase in a magnetic field occurs for Jo/J; =
1.5. Furthermore, one observes an Ni,ip,. = 6 bound state
coming down in energy when approaching the DT-LM
transition at h = 0. The nature of the DT-LM transition
at h = 0 is less clear to decide, at least based on the N, =
40 ED data, i.e., one does observe higher-Ny,ip /higher-
S states coming down in energy, but it is not clear if
they actually collapse in the thermodynamic limit, or if
the DT-LM transition remains a conventional first-order
transition at h = 0.

D. Quantum Monte Carlo

In addition to ED, we can also use QMC in order to
access thermodynamic properties of the spin-1/2 Heisen-
berg antiferromagnet on the diamond-decorated square
lattice. In particular, this approach allows us to ob-
tain unbiased results for system sizes that extend beyond
those accessible to ED. The QMC method that we used
for our investigation has already been employed in our
previous finite-field study of the spin-1,/2 Heisenberg an-
tiferromagnet on the diamond-decorated square lattice
[48] and therefore we summarize it only briefly.

More specifically, our QMC approach is based on the
stochastic series expansion (SSE) method with directed
loop updates [66—68]. In order to avoid the sign prob-
lem, i.e., an exponential drop of the statistical accuracy
of the QMC simulations at low temperatures and large
system sizes [29, 30, 69, 70] because of the presence of ge-
ometric frustration, we avoid working in the conventional
local spin-S* basis for the model at hand. Instead, we

eliminate the sign problem upon using appropriate basis
states after decomposing the Hamiltonian into separate
terms based on dimers (or trimers) [71-74]. For certain
so-called fully frustrated models the sign problem can in-
deed be completely eliminated, cf. Refs. [72, 73, 75-77]
for the spin-dimer and Ref. [74] for the spin-trimer basis,
respectively.

In case of the diamond-decorated square lattice a finite
value of the coupling J5 leads to geometric frustration.
In order to avoid the associated sign problem, we follow
Ref. [48] and treat all Jo-dimer spins in the spin-dimer
basis, but keep using the local S* basis for the monomer
spins. Using this combined five-site cluster basis, we can
simulate our model without a sign problem within the
SSE framework, based on the abstract operator loop up-
date introduced in Ref. [74]. We refer to Ref. [74] for
further details on this QMC approach. Here, we per-
formed QMC simulations for systems with up to 6 x 6
unit cells.

IV. RESULTS

A. Dimer triplet density, entropy, and specific heat
above the DT phase

Let us start our discussion by examining the dimer
triplet density, entropy, and specific heat of the spin-1/2
Heisenberg model on the diamond-decorated square lat-
tice in zero magnetic field. We will compare results from
the different methods introduced in Sec. III. For the spin-
star decoupling approximation we will use the zero-field
formula Eq. (23) for the free energy.

Figure 8 presents results for the interaction ratio
Jo/J1 = 1.7. At zero temperature, the dimer triplet den-
sity is 0.25, reflecting the nature of the DT state, where
1/4 of the dimers are in the dimer-triplet state within
the singlet tetramers and 3/4 of the dimers remain in
the dimer-singlet state. Because of the relatively lower
energy cost of creating a dimer-singlet state compared to
an additional dimer-triplet state for the interaction ratio
Jo/J1 = 1.7, a decrease in the dimer-triplet density can
be observed at low temperatures terminated at a round
local minimum. With further increase of temperature,
the dimer-triplet density tends towards the asymptotic
value 0.75 reached in the limit of infinite temperature
owing to the threefold degeneracy of the triplet state in
zero magnetic field.

A comparison of the dimer-triplet density obtained for
Ns = 30 and Ny = 40 spins from exact diagonalization
(ED) reveals small finite-size effects. ED for N, = 40
spins provides an interpolation between the spin-star de-
coupling approximation and the EMD model at low tem-
peratures and QMC at high temperatures. The excita-
tion from a dimer-singlet state to a dimer-triplet state is
neglected within the EMD model and the dimer-triplet
density should accordingly always decrease with increas-
ing temperature. On the other hand, the local minimum
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FIG. 8. (a) Dimer triplet density; (b) entropy; (c) spe-

cific heat of the spin-1/2 Heisenberg model on the diamond-
decorated square lattice for the interaction ratio Jo/J1 = 1.7
as a function of temperature at zero magnetic field.

observed in the dimer-triplet density arises from the com-
petition of the lower excitation energy for the dimer-
singlet state and the higher degeneracy of the triplet
state. In fact, the lowest states not taken into account
by the EMD model are at energies slightly above 0.6.J;
for Jo = 1.7J; and these are responsible for the triplet
density increasing again with increasing temperature af-
ter going through a minimum. However, the spin-star
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decoupling approximation takes only some of these into
account [as reflected also by the lower entropy s compared
to ED and QMC, see Fig. 8(b)] and approximates their
energies, thus explaining the deviation from N, = 40 ED
and QMC, which are in good agreement for T'/J; = 0.2.

Figure 8(b) shows the entropy per spin s as a func-
tion of temperature at zero magnetic field for the interac-
tion ratio Jy/J; = 1.7. The zero-temperature entropy of
the spin-1,/2 Heisenberg model on the diamond-decorated
square lattice in the parameter regime of the DT phase is
given by s = NL In Qp,, where Q. represents the degen-
eracy of the DT phase for the system size with Ny spins;
for instance, Q239 = 14, Q4 = 24, as already stated in
the ED context in Sec. III C. Figure 8(b) shows that the
results obtained from the spin-star decoupling approxi-
mation for Ny = 40 are in perfect agreement with ED
data for the same system size at low enough temperature
T/J; < 0.1. Similar accuracy can be expected at low
temperatures for the EMD model. Notably, the resid-
ual entropy of the DT phase decreases with increasing
system size, but it still remains nonzero even in the ther-
modynamic limit Ny — oco. From the EMD model with
system size 16 X oo, one can for instance infer a resid-
ual entropy s ~ 0.0587 that quite closely converges to
the known value for the hard-dimer model on the square
lattice [43, 64, 65].

Figure 8(c) displays the specific heat per spin ¢ as a
function of temperature for the same value of the in-
teraction ratio. A notable feature is the presence of
a low-temperature shoulder, superimposed on the high-
temperature maximum of the specific heat, as seen clearly
in ED and QMC results. As anticipated, the spin-star
and EMD approaches fail to capture the behavior of the
specific heat at higher temperatures as they neglect high-
energy excitations above the DT phase.

On the other hand, these approaches accurately ac-
count for low-lying excitations which leads to a close
agreement between the ED data for Ny = 40 and the
analytical results obtained from the spin-star decoupling
approximation at low enough temperatures. A compari-
son of the peak height in the specific heat obtained from
ED and QMC reveals relatively large finite-size effects
at low temperatures. The EMD model provides further
insight into the behavior of the specific heat at low tem-
peratures, which effectively bridges the gap between the
available QMC data (7'/J; > 0.1) and extends it further
towards lower temperatures. Figure 8(c) shows that ther-
mal activation of the specific heat indeed occurs at pro-
gressively lower temperatures as the system size increases
such that the EMD model provides the best approxima-
tion to the thermodynamic limit at low temperatures.

We now turn to a discussion of the dimer-triplet den-
sity, entropy, and specific heat in zero magnetic field for
the case Jo/J; = 1.5 plotted in Fig. 9. Here the nu-
merical data for the dimer-triplet density exhibits only
a shallow minimum, which is consistent with the gap for
one triplet less being only slightly smaller than that for
an additional triplet at Jy/J; = 1.5, compare Fig. 7. By
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FIG. 9. (a) Dimer triplet density; (b) entropy; (c) specific
heat for the interaction ratio Jo/Ji = 1.5 as a function of
temperature at zero magnetic field.

contrast, the spin-star decoupling approximation fails to
account for this minimum. The reason is that, within
the spin-star decoupling approximation, the excitation
energies from the DT phase to singlets and triplets are
equal for this interaction ratio. Consequently, the spin-
star approach cannot explain the thermal population into
singlet states for the interaction ratio Jo/J; < 1.5. Com-
paring the results obtained from QMC simulations for
a system size of 6 x 6 (total of 180 spins) with those
from ED for 40 spins reveals nearly perfect agreement,
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indicating negligible finite-size effects. However, the dis-
crepancy between ED results for 30 spins and 40 spins at
intermediate temperatures (7'/J; > 0.1) may stem from
artificial symmetries imposed for the system size of 30
spins by considering periodic boundary conditions, which
are absent for the system size of 40 spins.

The entropy and specific heat for the interaction ratio
Ja/J1 = 1.5 in zero magnetic field are shown in Figs. 9(b)
and 9(c), respectively, and exhibit qualitatively similar
behavior to that for the interaction ratio Jo/J; = 1.7.
In the high-temperature regime, small finite-size effects
are observed. While the high-temperature peak of the
specific heat shifts slightly towards higher values with
increasing system size, the low-temperature peak is con-
versely suppressed towards lower values. The results ob-
tained from the spin-star decoupling approximation for
40 spins are slightly overestimated compared to ED data
for Ny = 40 at low temperatures 7'/J; < 0.1. The dis-
crepancy at higher temperatures arises because of the
presence of low-energy excitations to states that share
the same energy as the Lieb-Mattis ferrimagnetic state at
zero magnetic field (compare the discussion in Sec. ITI C),
which is not accurately accounted for by the spin-star de-
coupling approximation simply ignoring the noncommu-
tativity of the spin-star Hamiltonians. The QMC data
are consistent with the intriguing double-peak tempera-
ture dependence of the zero-field specific heat with low-
and high-temperature peaks located around T'/.J; ~ 0.12
and 0.6, respectively.

With a yet lower value of the interaction ratio Jo/Jy,
the analytical approaches provided by the spin-star and
EMD models neglect more and more important low-
energy excitations. For the interaction ratio Jo/J;=1.3,
both of these approaches only provide an accurate de-
scription at very low temperatures as evidenced by the
temperature dependencies of the dimer-triplet density,
entropy, and specific heat depicted in Fig. 10. This
limitation arises from the failure of these analytical ap-
proaches to accurately capture the degeneracy of the LM
phase in zero magnetic field with possible values of the z
component of the total spin S% = —Sp, —Sr + 1, ..., S7,
and the low-energy excitations to these states are not
properly accounted for either. The dimer-triplet density
monotonically increases without any local minimum for
the interaction ratio Jo/J;=1.3, as evidenced by the ED
data for Ny = 40 spins. This behavior is caused by the
lowest excitation in this parameter regime arising from
an additional dimer-triplet, compare Fig. 7. The EMD
approach neglects the lowest excitations and thus only
gets the T' = 0 limit right, but fails to capture the lead-
ing low-temperature asymptotics. By contrast, the star
approach does account for these excitations, even if only
in an approximate fashion, and thus captures at least
qualitatively the low-temperature behavior of the triplet
density.

While the high-temperature peak of the specific heat
shown in Fig. 10(c) exhibits a slight variation with in-
creasing system size, the behavior of the low-temperature
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FIG. 10. (a) Dimer triplet density; (b) entropy; (c) specific
heat for the interaction ratio J2/Ji = 1.3 as a function of
temperature at zero magnetic field.

peak is less straightforward. For a system size of Ny = 30,
the peak is lower than for size Ny = 40, but the specific
heat obtained from QMC for a system size of 6 x 6 unit
cells (Vs = 180) shows the lowest peak. This indicates a
more complex dependency on system size.
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B. Magnetization, entropy, and specific heat under
magnetic field

We proceed to a discussion of the most intriguing find-
ings under finite magnetic fields. Now we use the finite-
field formula Eq. (22) for the free energy within the spin-
star decoupling approximation.

The field dependencies of magnetization, entropy, and
specific heat are illustrated for the interaction ratio
Ja/J1 = 1.7 in Fig. 11 for two different temperatures
T/J; = 0.01 and 0.1. The magnetization curve at the
interaction ratio Jo/J; = 1.7 exhibits magnetization
plateaux at m = 0 and 1/5 (full magnetization cor-
responding to 1/2) with the characteristics of the DT
and MD phases, respectively. These can be almost per-
fectly described by the analytical spin-star or EMD ap-
proaches including the most important low-energy ex-
citations above these ground states. However, another
transition from the 1/5-plateau to the 3/5-plateau cor-
responding to the Lieb-Mattis ferrimagnetic phase can-
not be described at all by the EMD model and only
qualitatively by the spin-star decoupling approximation.
This finding relates to the fact that the ground-state en-
ergy of the Lieb-Mattis phase is determined within the
spin-star decoupling approximation with a relative error
of approximately 4.3% (the ground-state energy of the
LM phase within DMRG and spin-star decoupling meth-

ods in zero field are EDMRC = —2.46.J; + 2J, [48] and
EEEAAR = —2.50J1 + 2Js, respectively, compare also the

related discussion in Sec. III C).

It can be observed from Fig. 11(b) that the entropy
starts from its nonzero residual value, which is progres-
sively converging with increasing system size to the resid-
ual entropy of the dimer model on the square lattice per
unit cell s4 ~ 0.29156 (per spin ~ 0.058312) [43, 64, 65].
Contrary to this, one detects a sizable entropy gain reach-
ing the specific value s = 0.13256 at the transition field
between the DT and MD phases, which is almost inde-
pendent of the system size as corroborated by ED, the
EMD model, as well as the spin-star decoupling approx-
imation. Similar qualitative agreement between results
of all three aforementioned methods is observed in the
peculiar asymmetric double-peak structure of the spe-
cific heat, which can be detected in the vicinity of the
magnetic-field-driven phase transition between DT and
MD phases [see the inset of Fig. 11(c)]. The lower peak
height observed below the relevant transition field can
be attributed to the macroscopic degeneracy of the DT
ground state, which is not lifted by the magnetic field in
contrast to the MD phase that becomes non-degenerate
at any nonzero magnetic field.

The results obtained from the spin-star decoupling ap-
proximation are in very good agreement with the ED
data even for magnetic fields higher than h/J; 2 1.0, up
to the end of the Lieb-Mattis ferrimagnetic phase, and
even at moderately high temperatures 7/J; = 0.1 still
constitute a good approximation of the field dependence
of the entropy and specific heat, as depicted in Figs. 11(b)
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FIG. 11. (a) Magnetization; (b) entropy; (c) specific heat
of the spin-1/2 Heisenberg model on the diamond-decorated
square lattice for the interaction ratio J»/J; = 1.7 as a func-
tion of magnetic field at two different values of temperature
T/Jp = 0.01 and T/J; = 0.1. The inset of panel (c¢) zooms
into the transition region between the DT and MD phases for
T/J1 =0.01.

and 11(c).

Figure 12(a) shows the magnetization curves for the
interaction ratio Jo/J; = 1.5. There is a distinct magne-
tization jump from the DT phase to the MD phase at zero
temperature, as shown in the inset of Fig. 12(a). How-
ever, the 1/5-plateau is sufficiently small to be smeared
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FIG. 12. (a) Magnetization; (b) entropy; (c) specific heat for
the interaction ratio J»/J1 = 1.5 as a function of magnetic
field at two different values of temperature 7'/J; = 0.01 and

T/J1 = 0.1. The inset in (a) shows T' = 0 ED and DMRG
results.

out at finite temperatures. Consequently, there is a
sharp rise in magnetization from the O-plateau to the
3/5-plateau even at temperatures as low as T'/J; = 0.01,
which becomes smoother with increasing temperature.
Owing to the presence of the MD phase within a narrow
range of magnetic field strengths, the EMD model is in
excellent agreement with the ED data up to a magnetic
field of approximately h/J; ~ 0.54 at a very low temper-



ature T'/J; = 0.01, although it fails to account for further
increases in magnetization with increasing magnetic-field
strength. On the other hand, the spin-star decoupling ap-
proximation is still capable of qualitatively reproducing
the ED data even at higher magnetic fields. The com-
parison of ED data for Ny, = 40 spins with QMC data
for 36 unit cells (i.e., Ny = 180 spins) indicates negligible
finite-size effect in this parameter region.

The results for the low-temperature entropy exhibit a
relevant discrepancy between the ED and spin-star de-
coupling approximation only in the close vicinity of the
transition field A/J; = 0.5 [see Fig. 12(b)]. The excessive
macroscopic degeneracy predicted by the spin-star decou-
pling approximation relates to a triple phase coexistence
point of the LM, DT, and MD phases, which is located
exactly at the magnetic field h/J; = 0.5 for Jo/J; = 1.5.
Recall that the triple point obtained within the spin-star
approach is slightly shifted towards a lower value of the
magnetic field with respect to its true coordinates [see
Fig. 2(b)]. At a higher temperature 7'/.J; = 0.1, the dis-
crepancy between ED and the spin-star decoupling ap-
proximation is significantly reduced, because all relevant
low-lying excited states are thermally activated. Con-
trary to this, we see the opposite effect for the EMD
model with much lower entropy, because high-energy ex-
citations are missing within this description. A similar
effect can also be observed in the field dependence of the
specific heat [Fig. 12(c)]. While the EMD model repro-
duces the ED data at low temperatures, the spin-star
decoupling approximation correctly describes the double
peak of the specific heat also at a higher temperature
of T/J; = 0.1. At this higher temperature, the double-
peak structure of the specific heat is also confirmed by
the QMC simulations for the bigger system of 6 x 6 unit
cells.

Last but not least, magnetization, entropy, and spe-
cific heat as a function of temperature are depicted in
Fig. 13 for the interaction ratio Jo/J; = 1.3. As dis-
cussed in Sec. 11 C, for the interaction ratio Jo/J; < 1.4,
the lowest excitation above the DT phase corresponds
to the creation of an additional triplet [see Fig. 7]. For
this reason, the EMD model is unable to describe the
finite-temperature properties for the interaction ratio
Jo/J1 = 1.3. On the other hand, our second analytical
approach derived from the spin-star decoupling approxi-
mation provides a quite reliable description of all quanti-
ties above the transition field h/J; = 0.3. The most im-
portant artifacts of the spin-star decoupling approxima-
tion are just below the transition field and at T'/J; = 0.01
where it yields a spike in the entropy s [Fig. 13(b)] and a
second maximum in the specific heat ¢ [Fig. 13(c)] while
such pronounced maxima are absent in the ED results.
The reason for this difference is that the field-induced
DT-LM transition is a true first-order transition in the
full model such that excitations are scattered over a cer-
tain energy range below the transition while the spin-star
decoupling approximation treats these as a degenerate
manifold that comes down at the transition field. Con-
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FIG. 13. (a) Magnetization; (b) entropy; (c) specific heat for
the interaction ratio J2/J1 = 1.3 as a function of magnetic
field at two different values of temperature 7'/J; = 0.01 and
T/J1 =0.1.

versely, a temperature T'/J; = 0.1 is sufficiently high to
thermally excite these low-lying excitations in the full
model such that at this higher temperature the Ny = 40
ED results also exhibit a pronounced maximum below
the transition field, both in the entropy [Fig. 13(b)] and
the specific heat [Fig. 13(c)]. The latter behavior is con-
firmed by our QMC simulations on the bigger system of



6 x 6 unit cells.

C. Enhanced magnetocaloric effect due to the
macroscopically degenerate DT phase

Finally, we discuss the magnetocaloric effect with a
focus on the transition region between the macroscop-
ically degenerate DT phase and the MD state (that is
nondegenerate in a finite field). Figure 14 shows den-
sity plots of the entropy in the magnetic field versus
temperature plane for the interaction ratio Jo/J; = 1.7.
The superimposed constant-entropy curves correspond to
the variation of the temperature T" during an adiabatic
(de)magnetization process.

First, we discuss the ED results for a system size of
N, = 40 spins shown in Fig. 14(a). An enhanced mag-
netocaloric effect can clearly be seen in the vicinity of
the magnetic field h/J; = 0.3, where the temperature
sharply decreases during an adiabatic demagnetization
process, whereas an inverse magnetocaloric effect associ-
ated with an increase in temperature with further reduc-
tion of the magnetic field can be mostly observed below
this value of the magnetic field. The specific value of the
magnetic field h/J; = 0.3 corresponds to the magnetic-
field-driven phase transition from the MD phase to the
DT phase for the interaction ratio Jo/J; = 1.7. Recall
also that the residual entropy of the DT phase (per spin)
for a system size of Ny = 40 is equal to s = % ~ 0.079
and, hence, the system cools down to absolute zero tem-
perature at h/J; = 0.3, whenever the entropy at the be-
ginning of the adiabatic demagnetization is tuned below
this value. Under this condition, the temperature stays at
zero below the transition field and there is no consecutive
increase in temperature upon further demagnetization,
as Fig. 14(a) demonstrates by the absence of isentropes
below the magnetic field value h/J; < 0.3 (i.e., below
the cyan curve). This asymmetry of the entropy around
the transition field is caused by the special character of
the DT phase, which preserves its macroscopic degener-
acy at nonzero magnetic fields. From this point of view,
the spin-1/2 Heisenberg model on the diamond-decorated
square lattice offers promising perspectives for achiev-
ing ultra-low temperatures during adiabatic demagneti-
zation.

For comparison, Fig. 14(b) presents the density plot
of the entropy, for the same set of parameters and the
same system size Ny = 40, as obtained from Eq. (22)
within the spin-star decoupling approximation. Remark-
ably, the spin-star approach is capable of predicting the
aforementioned asymmetry of the entropy, and the rele-
vant density plot reveals qualitatively the same features
of the magnetocaloric effect as obtained from ED. More-
over, the enhanced magnetocaloric effect and cooling to
absolute zero temperature should persist even in the ther-
modynamic limit because of the macroscopic degeneracy
of the DT phase. The EMD model shows indeed that the
asymmetric behavior of the isentropes as a function of

15

T,

0.10+

0.05-

4

@ h/Jl
Y

0.0

Star, NS: 40

1

0.15-

T/,

0.10+

0.05-

0.00-

ot

(b) 02 h/Jl
3/1=17
02022 EMD, 16x00

B 0
0.15
0.10

0.05

T,

0.00
0.0
©) hd,

0.2 04

o

.6

FIG. 14. Density plots of the entropy in the plane h/J1 —T/J
for the interaction ratio J2/J1 = 1.7 as obtained from (a) ED
for Ns = 40 spins; (b) spin-star decoupling approximation for
N, = 40 spins; (c) EMD model for 16 x oo. The cyan lines in
panels (a) and (b) correspond to s = 0.0775 and in panel (c)
to s = 0.0575. Below the cyan lines the isentropes approach
zero temperature for h/J; < 0.3.

magnetic field and temperature is preserved for a system
size comprising of 16 elementary units in one spatial di-
rection and infinite in the other direction, see Fig. 14(c).
For this system size, the residual entropy of the DT phase
is s &~ 0.0587, which is consistent with the macroscopic



degeneracy of the hard-dimer model on the square lat-
tice [43, 64, 65]. Hence, the enhanced magnetocaloric
effect accompanied with cooling to zero temperature is
detected for h/J; < 0.3 whenever the entropy is tuned
below its zero-point value s < 0.0587 at the beginning
of an adiabatic demagnetization process (i.e., all curves
lying below the cyan curve).

V. CONCLUSION

In this study, we have investigated the thermody-
namic properties of the spin-1/2 Heisenberg model on
the diamond-decorated square lattice, particularly focus-
ing on the macroscopically degenerate DT phase. Using
a combination of exact diagonalization, sign-problem-free
quantum Monte Carlo simulations, an effective monomer-
dimer model, and a spin-star decoupling approxima-
tion, we have provided a comprehensive analysis of this
model’s behavior under varying interaction ratios and ex-
ternal magnetic fields. Our results confirm that the DT
phase exhibits unique thermodynamic properties owing
to its macroscopic degeneracy, which is linked to the clas-
sical hard-dimer model on the square lattice. The bound-
ary between the MD and DT phases is well described by
the effective monomer-dimer model, highlighting the sig-
nificance of localized excitations in determining the low-
temperature behavior of this system.

A particularly interesting result of our study is the en-
hanced magnetocaloric effect observed upon approaching
the DT phase. This effect is particularly pronounced near
the transition field between the MD and the DT phase,
where the temperature decreases sharply during adia-
batic demagnetization. This phenomenon arises owing
to the macroscopic degeneracy of the DT phase, which
allows the system to cool to absolute zero temperature
as long as the entropy content is set below the residual
entropy value s ~ 0.0583 derived from the effective hard-
dimer model on the square lattice in the thermodynamic
limit. This renders the DT phase a promising candidate
for achieving ultralow temperatures by magnetic refrig-
eration. The third law of thermodynamics [78] requires
that this macroscopic degeneracy be lifted in an exper-
imental realization, for instance through a lattice dis-
tortion that breaks the conservation of the total spin of
a dimer. Our conclusions will nevertheless remain rele-
vant as long as the resultant splitting of the ground-state

16

manifold remains at an energy scale that is below the
temperature scale of interest. The challenge is more to
find a suitable compound to begin with. In this respect,
it may be interesting to consider the diamond-decorated
honeycomb lattice since in this case there are known com-
pounds that exhibit the corresponding crystal structure,
see for example Refs. [79-81].

While the present study does not directly address spe-
cific chemical realizations, our findings offer insights into
the potential applications of frustrated spin systems, par-
ticularly in magnetic cooling technologies. These insights
could be relevant for materials exhibiting similar thermo-
dynamic properties, such as those found in the aforemen-
tioned compounds with a diamond-decorated honeycomb
lattice.

Our findings demonstrate the usefulness of effective
classical-statistical physics models for the low-energy and
low-temperature behavior of a highly frustrated quan-
tum spin system and shed light on the rich phase di-
agram and thermodynamic phenomena of the spin-1/2
Heisenberg model on the diamond-decorated square lat-
tice. Furthermore, they suggest potential applications of
such highly frustrated quantum spin systems in magnetic
cooling technologies.
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