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The quantum magnet SrCus (BOs3)2 and its remarkably accurate theoretical description, the spin-1/2 Shastry-
Sutherland model, host a variety of intriguing phenomena such as a dimer ground state with a nearly flat band
of triplon excitations, a series of magnetization plateaux, and a possible pressure-induced deconfined quantum
critical point. One open puzzle originating from inelastic neutron scattering and Raman experiments is the
anomalous broadening of the triplon modes at relatively low temperatures compared to the triplon gap A. We
demonstrate that the experimentally observed broadening is captured by the Shastry-Sutherland model. To this
end, we develop a numerical simulation method based on matrix-product states to simulate dynamical spectral
functions at nonzero temperatures accurately. Perturbative calculations identify the origin of this phenomenon
as a small energy scale compared to A between single triplon and bound triplon states at the experimentally

relevant model parameters.

Introduction One of the most exquisite examples of ge-
ometric frustration in quantum magnetism is the spin-1/2
Shastry-Sutherland model in which frustrated antiferromag-
netic triangular units support an exact dimer covering in two
dimensions over a significant range of exchange couplings
[1]. Simple though the ground state in this model exempli-
fies nicely the effect of destructive interference on triangu-
lar units that is the heart of geometrical frustration the explo-
ration of which has formed an entire field of research. Today
studies of highly frustrated magnets range over rich and com-
plex physics on kagome, pyrochlore, and other lattices [2].
There are however further pillars to the fame of the Shastry-
Sutherland model. One is the discovery, many years after the
original theory paper, of a material SrCuy(BO3)2, that almost
perfectly realizes the dimer phase of the model [3, 4]. This
material, albeit one of thousands of magnetic materials, has
consistently stood out for the surprises and puzzles that it has
generated and continues to produce over twenty years after
the first experiments [3—43]. These include the famous se-
ries of magnetization plateaux reaching up to around 100 T
[3, 5-16], observations of nearly flat triplon excitations about
the dimer phase [19, 21], IR, Raman and neutron studies ex-
ploring the triplons and the tower of bound state excitations
[17-23], topological triplons coming from small exchange
anisotropies [22, 27-29], experiments observing a plaquette
phase in the material at high pressures and investigations of
the nature of the phase transition to this phase [32, 34—40] in-
cluding the tantalizing possibility of realizing deconfined crit-
icality on the boundary between Néel order and the plaquette
phase [41, 42]. The Shastry-Sutherland model frames all these
experimental discoveries and both model and material have
provided an important proving ground for new numerical and
analytical tools. In fact, studies of SrCuy(BO3), have turned
out to be almost a microcosm for the development of quan-
tum magnetism as a whole. For example, the low entangle-
ment dimer phase was an attractive target for tensor network

methods which now have captured much of the complexity of
the magnetic field-induced phase diagram as crystals of con-
densed bound states [33]. Related techniques have captured
also the thermodynamics of the model [43].

In this paper, we consider a further curiosity of
SrCu3(BO3)2 — a dramatic broadening of the triplon modes
with increasing temperature uncovered by inelastic neutron
scattering [19, 21, 44] and corroborated by Raman scattering
[18, 23]. Thermal broadening of excitations is entirely to be
expected in any correlated magnetic system. The peculiar-
ity of SrCuz(BO3)2 is its sensitivity to thermal excitations as
well as the extent of the effect in the crossover to the paramag-
netic state. To be concrete, the triplon excitations are gapped
at about 3 meV or about 30 K, and significant broadening is
observed by around 5 K, while the Bose factor at this tem-
perature is about 3 x 1072 so the triplons are undoubtedly
very dilute. By 15 K the neutron intensity is broadened into
a nearly featureless continuum. In the following, we show
how to capture this effect quantitatively and provide insight
into the microscopic mechanism that underlies it. On small
cluster sizes up to N = 20 sites, a finite-temperature Lanczos
study [45] reported anomalous thermal broadening but left re-
sults on larger system sizes desirable. In some sense, this work
reflects the natural course of development in understanding
low-dimensional magnetic systems using state-of-the-art nu-
merical tools. Tensor network tools were first brought to bear
on the ground states [16, 33, 46—48] then the thermodynamics
[43, 49-52] and now it has become feasible to consider the
nonzero temperature dynamics of extended two-dimensional
frustrated quantum magnets.

The Shastry-Sutherland Model and its Experimental Real-
ization The Shastry-Sutherland model is a localized spin-
1/2 model formulated on the lattice illustrated in Fig. 1(a) [1].
The Hamiltonian is given by,

H=Jp Y 8-Sj+J > S-S (1)
(i.d)p (i)
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FIG. 1. (a) Geometry of the Shastry-Sutherland lattice. The in-
tradimer couplings Jp are shown in blue and the interdimer cou-
plings J in grey. (b) Dynamical spin structure factor S(g,w) at
T = 0 from dynamical DMRG simulations on a 16 x 6 cylinder
for a cut through the Brillouin zone from (0, 0) to (7, 0) exhibiting a
flat triplon band at energies around the triplet gap A =~ 0.458Jp. (c)
S((m,0),w) for various temperatures from the proposed dynamical
METTS simulations on a 16 x 6 cylinder, employing the analytical
complex time algorithm as proposed in the companion paper [55].
The triplon peak at A melts into a broad continuum at temperatures
that are a fraction of the triplon gap A.

where Jp denote the intradimer couplings and J the inter-
dimer couplings. When J = 0 the ground state has isolated
singlets living on the Jp bonds and canonical excitations are
spin S = 1 triplets in the local dimers. When J is switched
on each singlet couples via its two component spins to a sin-
gle site on neighboring singlets. This geometrical frustration
endows the singlets with stability such that the dimer cover-
ing survives as an exact eigenstate for all couplings and in the
ground state up a J/Jp = 0.67 as determined numerically.

The lowest-lying excited states, for small J/.Jp, are cou-
pled triplet excitations called triplons. As the model and
ground state are spin-rotationally symmetric, the triplons are
three-fold degenerate. One might expect the coupled triplets
to acquire some dispersion on the scale of J. However, it
turns out that triplon hopping is suppressed by the magnetic
frustration with the leading order contribution appearing to
O((J/Jp)®) [7, 24, 26, 53, 54] — so the triplons are very
nearly localized even close to the phase boundary out of the
dimer phase resulting in a flat band of triplon excitations, cf.
Fig. 1(b).

The material SrCuy(BO3), with spin one-half copper ions
realizes the Shastry-Sutherland model to a good approxima-
tion. At ambient pressure J/.Jp has been experimentally esti-

mated to be 0.63 [7, 25, 43] so it lies at the edge of the dimer
phase. Observations of the triplons reveal the bandwidth to be
about one-tenth of the gap and therefore significantly larger
than in the pure Shastry-Sutherland model. This indicates the
presence of small anisotropies that are known to be predomi-
nantly Dzyaloshinskii-Moriya or antisymmetric exchange that
we neglect here. Our results imply that these small corrections
to the pristine Shastry-Sutherland model play a negligible role
in the thermal broadening to which we now turn.

The sensitivity of the quantum states of SrCus(BOs3)s to fi-
nite temperatures was first observed from the washing out of
magnetization plateaux at around 1 K [3]. Later the neutron
scattering intensity of the single triplon modes was seen to fall
off faster with increasing temperature than would be expected
on the basis of the 35 K gap [19, 21, 44]. Indeed, the triplons
are almost completely washed out by about 10 K leaving a
broad continuum of intensity. This behavior is consistent with
Raman measurements that are more sensitive to singlet inten-
sity [18, 23]. It has been suspected for a long time that the
unusual temperature dependence originates from the delicate
nature of the frustration-induced dimer formation and, in par-
ticular, that only a very dilute concentration of thermal triplet
states is sufficient to delocalize the dimers.

Thermal broadening from dynamical METTS We will
now demonstrate the dynamics of the pure Shastry-Sutherland
model to accurately capture the effect of the triplon thermal
broadening in SrCus(BO3)s with close agreement with ex-
perimental measurements. Our simulation is based on a nu-
merical technique for evaluating dynamical spectral functions
at nonzero temperature, based on the idea of minimally en-
tangled typical thermal states [49, 50, 56, 57]. In the com-
panion paper [55], we introduce this technique in detail and
benchmark it against more traditional techniques where such a
comparison is possible. The principal advantage of dynamical
METTS is that it allows one to address significantly larger sys-
tem sizes than previously possible. The method is performed
in two distinct modes. With the real-time evolution algorithm,
we directly simulate the dynamical correlation function,

Cap(t) = (A(t)B)g = (' Ae ' B) 4, (2)

at nonzero temperature (1" = 1/3) up to a final time €, after
which a Fourier transform yields the desired spectral function.
The dynamical correlation functions can be fully converged
on W = 4 cylinders at all investigated temperatures for the
Shastry-Sutherland model. Here, we chose a simulation time
horizon of Q/Jp = 50.

This method yields highly accurate results for smaller
cylinders, where even the temperature dependence of sec-
ondary and tertiary peaks can be resolved. However, since
there are limitations in system size we introduce a complex-
time evolution algorithm, where the dynamical correlation
function is simulated on a contour in complex time coordi-
nates and the spectral function is obtained via stochastic ana-
Iytic continuation [58—61]. The fact that the correlation func-
tion is not just simulated on the imaginary-time axis yields



(a) J/Jp = 0.20 (b) J/Jp = 0.50 (c) J/Jp = 0.63
8 1 1 7 :
q= (7/2,7/2) T =0 (DMRQ)
6 METTS (real time) : : T/A=0.10
; T/A =020
4 f | | T/A =030
{ A~096 A ~0.68 T/A =040

24 : . 1 T/A = 0.50

0 A’{ & -~ e

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.0 0.0 0.5 1.0 1.5 2.0 2.5 3.0

(;.)/Jn

w/(][) UJ/-]D

FIG. 2. Dynamical spin spectral functions evaluated at momentum q = (7/2,7/2) from dynamical METTS simulations on the 16 x 4
cylinder. Results at temperatures which are a fixed ratio of the triplet gap A as in Eq. (3) are shown. The triplet gap A is shown as the dashed
line. (a) J/Jp = 0.2 (b) J/Jp = 0.5 (c) J/Jp = 0.63. Whereas the dominant peak close to the triplet gap is only weakly broadened for
J/Jp = 0.2 it completely disappears at small fractions of the triplet gap for .J/Jp = 0.63 in (c).

improvements in the ill-posedness of the analytical continua-
tion. For all the necessary details, we refer to the companion
paper [55].

Figure 2 shows the dynamical structure factor S(q,w) cal-
culated for fixed ¢ = (/2,7 /2) and for different tempera-
tures and various J/Jp. For J/Jp = 0.2, the principal peak
at w/Jp = 0.96 corresponds to the ground state to single
triplon transition and there is a secondary peak at twice this
energy coming mainly from the free two-triplon states. As the
temperature increases the amplitude of both peaks decreases
and both broaden and, at the same time, quasi-elastic intensity
appears.

For larger values of J/Jp the single triplon peak comes
down in energy and for a fixed temperature it is broader for
larger values of J/Jp. Meanwhile, the two-triplon sector
broadens into a continuum extending to both higher and lower
energies. For J/Jp = 0.63 corresponding to the material the
dynamical structure factor is a featureless continuum above
around T'/A = 0.4 corresponding to about 14 K.

On the 16 x 6 cylinder we analogously observe the melt-
ing of the main triplon peak at temperatures T/A = 0.4
in Fig. 1(c). There, results have been obtained using the
complex-time evolution algorithm explained in the compan-
ion paper [55].

We now make a more direct comparison of the numerical
results and the experiment. Figure 3 shows the cumulative
spectral weight up to energy w for different temperatures. The
top panel is the numerical data at fixed momentum and the
lower panel is the experimental data taken from Ref. [44].
The lower temperature data shows the single triplon peak as
a rapid upturn in both numerics and experiment. At temper-
atures of about 0.4 of the triplon gap, the cumulative spectral
weight increases almost linearly corresponding to an almost
featureless continuum. This plot demonstrates that the numer-
ical technique captures the thermal broadening in the material.
In particular, the degree of broadening at a given temperature
scale coincides between the simulation and the experiment.
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FIG. 3. Temperature dependence of the cumulative spectral weight
as a function of energy. The lower panel is inelastic neutron scat-
tering data (taken from Ref. [44]) on a powder sample. The data is
momentum-integrated and resolved in energy. The data at five dif-
ferent temperatures reveals the progressive broadening of the central
peak. The top panel is our numerical result for the cumulative spec-
tral weight at momentum (7, 0).

Ref. [44] points out that the single triplon peak appears to
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FIG. 4. Comparison of energy gaps between perturbation theory

(PT) to third order in J/Jp and exact diagonalization (ED). The
shaded regions show continua of spin-S states on a N = 28 clus-
ter (S = 0 and 1 data adapted from Ref. [43]). The triplet gap A and
the gap to the lowest S = 0 excitations agree well between PT and
ED. At J/Jp 2 0.6 the lowest excited states are bound states of two
triplons with S = 0, invisible in the spin structure factor but ther-
mally activated prior to the triplon excitations for the experimentally
relevant parameters J/Jp = 0.63.

have one sharp component whose amplitude decreases with
temperature and a broad temperature-dependent component,
which is consistent with our numerics.

A few comments and caveats are necessary at this point.
One is that the zero temperature peak is a delta function in
principle. This is not realized in the numerics because of the
inevitable finite time cutoff in the dynamics. The experimental
single triplon peak also has a width at very low temperatures
owing to instrumental resolution. Secondly, one plausible les-
son to be drawn from the excellent agreement between the-
ory and experiment is that the relevant physics is rather local.
As we shall argue this originates from the almost perfect lo-
calization of the single triplon modes combined with the fact
that small system sizes already capture the broad spectrum of
bound-state modes as the relevant states have a short length
scale. Finally, one might be concerned that the material has
couplings beyond the Heisenberg model and that these may
contribute to the thermal broadening. The good agreement
between the numerical results and experiment is nevertheless
suggestive that the pure Shastry-Sutherland model is largely
responsible for the physics. We argue below that indeed the
relevant scales are those coming from the Heisenberg model.

Physics of thermal broadening — Having seen that the
Shastry-Sutherland model in a non-perturbative analysis leads
to thermal broadening similar to that seen in SrCuz(BO3)2 we
now discuss the microscopic origin of this phenomenon.

To set the scene we briefly review some pertinent features
of the model. As noted above, interactions mediated by the
exchange J lead to a triplon dispersion, to leading order, only
at the sixth order in the coupling [7, 24, 30] so, for the pa-
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FIG. 5. Dynamical structure factor at J/Jp = 0.5 and g = (2, 0)
computed from the low-temperature expansion described in the main
text and supp. mat. [62]. The inset shows the evolution of the peak
height with increasing temperature.

rameters corresponding to the material, the triplon modes are
expected to be nearly flat. The flatness of the single parti-
cle modes further implies that the two-triplon continuum is
very narrow in energy. The interactions, however, do have a
significant effect on the triplon energy which is renormalized
downwards as

A=Jp L= () To) = 5(LIDY = (T1Tp)| @)

to 4th order in perturbation theory [7, 24].

Complex collective physics in this model originates from
the formation of bound states of triplons. The lowest-lying
of these are bound states of two triplons which occur in the
S = 0,1, and 2 sectors of which the former contain those of
lowest energy. Splitting of the different angular momentum
sectors grows like O(.J) and the bandwidth in each sector like
O(J?) so the localizing effects of frustration on single triplons
are absent in the two-triplon sector. This disparity between the
single and two-particle states sets this model apart from typ-
ical frustrated magnets. The gap between the single triplons
and the lowest bound state excitations closes in the vicinity of
J/Jp = 0.6. Remarkably real-space perturbation theory to
third order in .J/.Jp leads to bound states with a bandwidth in
good agreement with exact diagonalization. This is illustrated
in Fig. 4 which reveals that the value of J/Jp at which the
single and two-particle levels cross is slightly underestimated
in the perturbation theory [62].

At zero temperature, the dynamical structure factor has
been computed perturbatively in Ref. [31] and has a delta
function peak at the single triplon energy at least when there
is a separation of energies between the one and two-triplon
states. At finite temperatures, one may formulate the problem



as a calculation of self-energy (g, w) to obtain susceptibility

22 _ D(q,w)
9= s @

where D is the single triplon propagator and the zz compo-
nent of the dynamical structure factor is chosen without losing
generality. From this, we get the dynamic structure factor

1 1

SHaw) =T

Im [x**(q,w)]. 3)

We compute the self-energy within a low-temperature ex-
pansion by matching the leading order appearance of the self-
energy from Eq. (4) with those terms from the spectral repre-
sentation of the dynamical correlator [62-64]

(57(1)55(0)) = % > e Em(m|SE (7)) (n] S5 (0)m)
(6)

that contribute at low temperatures. This ends up meaning that
we compute a re-summed self-energy of the form

Y(q,w)
=D7?(C11 + Ciz+ Co1 — e 7D — Z,(1 — e7P9)D)
(7
where C,,, are defined through x**(q,w) =

(1/2)%,,, Cmn where the terms in the sum refer to
m/n-triplon states and 7 is the single triplon contribution
to the partition sum. The contribution C1; vanishes when
working consistently to third order in J/Jp as the single
triplons are dispersionless. The C2 and Cy; contributions
are split into pieces that come from free two-triplon states
and from the bound states. The former contains a part that
scales with the number of unit cells, N, which cancels
with Z;(1 — e=#¢)D. The central contribution to the broad
response in energy comes from the bound states.

Fig. 5 shows the resulting dynamical structure factor for
J/Jp = 0.5 and for ¢ = (27, 0) where the single triplon in-
tensity is maximal. Several temperatures are plotted between
T/Jp = 0.01 up to 0.2 (T'/A = 0.3). Notably, the delta
peak corresponding to the single triplon mode remains but
its amplitude decreases with increasing temperature as shown
in the inset. In addition to the single triplon peak, there is
a broad response originating from the bound states that, as
we have mentioned, have a bandwidth of the order of J. This
broad component to the dynamical structure factor is bounded,
for J/Jp = 0.5, by the gap between the triplon mode and
the lowermost and uppermost bound state modes — namely
A/Jp = 0.12 and about 1.5.

To summarize, the perturbation theory gives an account
of the broad inelastic response appearing at energies much
smaller than the single triplon gap. Central to this is the
“fine-tuning” in SrCuz(BOs3)2 such that it lies close to a
phase boundary and the bound states have anomalously low
energy. In “typical” gapped quantum magnets, two-particle

states would arise at around 2A resulting in an inelastic re-
sponse from energy A. In contrast, in “typical” gapless quan-
tum magnets, a continuum of states and broadening are both to
be expected at zero temperature so that effects of finite temper-
ature will tend to be quantitative, not qualitative. In this way,
we can understand why thermal broadening SrCus(BOs3)9
stands out among quantum magnets.

Conclusion We investigated the origin of the anomalous
thermal broadening observed in neutron scattering experi-
ments of SrCuz(BOs)e. By introducing a matrix-product
state-based technique based on minimally entangled typical
thermal states we demonstrated that this effect is accurately
captured by the Shastry-Sutherland model on cylinders up to
width W = 6. Moreover, we provide an intuitive explanation
where bound states of two triplons proliferate below the single
triplon gap at the experimentally relevant model parameters
J/Jp = 0.63. By demonstrating the feasibility of studying
finite-temperature dynamics using tensor network methods,
this work paves the way for future investigations of frustrated
quantum magnets at non-zero temperatures.
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Abstract

In this supplementary section, we provide details of the thermal broadening calculation from perturbation

theory.
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THERMAL BROADENING CALCULATION OUTLINE

In this supplementary section we carry out a calculation of the dynamical structure factor for

the Shastry-Sutherland model

o 1 1
5% (q,w) = Tl eBw

Im [x*(q,w)] , (1)
where y*?(q,w) is the momentum and energy dependent susceptibility and «, 3 are spin com-
ponents. As the model is isotropic in spin space, without loss of generality we compute the zz

component. This is given by
LA | oI
Claw) = [ dren LS et Smsi0)) @
0

IJg Wp—N—1iw

Here N is the number of primitive lattice cells and the sum runs over all spins indexed by primitive

cell, dimer d and spin se.g. I = R; + d + s(d).
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The correlator C'(x = I — J,7) = (S5(7)5%(0)) can be written as
1 — z 4
Clw,7) = Z;e OB (m| S3(r)n) (n]S5(0) Im), (3)

where states labeled by m and n run over the exact eigenstates of the system.

We then separate the states into sets [',., I'; defined by the triplon number r, s. Using
(L [S7(T)|Ts) = eiT(ErsiEF"')<Fr‘SﬂFS> 4)

and carrying out the imaginary time integration we find:

2z —zq I-J) F ST MT.ISZIT e_BEFT — e PP 5
law) = gy X e I s s (S ) ©

r.ls I,J

The strategy we adopt for computing the thermal broadening of the dynamical structure fac-
tor originates from Refs. [1, 2] which contain calculations of thermal broadening in spin chains
and, in particular, a demonstration of asymmetric lineshape broadening in the models considered
(alternative variants exist, see, e.g., Refs. [3, 4]). The first simplification we make is to focus on
temperatures smaller than the single triplon gap A. Since higher energy excitations are suppressed
by the Boltzmann weight we concentrate only on contributions to the susceptibility coming from

few triplon excitations. In particular, we write

Z Crs = = 010 + Co1 + C11 + Cra + Cq1) (6)

rsO

where the sum is over all 7, s triplon contributions.

We use notation D(q,w) for the single triplon propagator which is simply
(1 — eiﬁA)D(q,w) = ClO + 001 (7)
with

1 z T Gy 4x qy 1 1
D =— 12— = T — e a—— — )
(4,) 8{ COS( 2 ) COS( 2 wH+in—A wH+in+ A ®)

Now we suppose that interactions between the triplons are folded into a self-energy (g, w)

appearing in a Dyson expansion for the susceptibility component

0.6) = et~ Dlgw) 1+ D(g,w)5(a.)- ©)
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Matching Eqgs. (6) and (9) leads to a resummed expression for the self-energy
£(q,w) = D7 (Ciy+ G + Cor — %D = Zy(1 — ) D) (10)

where the partition sum has been split into contributions labeled by triplon number Z = 1 + 7; +
Z3 + ... and where we have neglected Z> and higher terms as they are suppressed exponentially

at low temperatures.

BOND WAVE THEORY AND LATTICE CONVENTIONS

The Shastry-Sutherland model is a spin one-half localized spin model on a two dimensional
lattice with a square primitive cell R; = (1,0) and Ry = (0,1), R; = m; Ry + n;R5, and a four

sublattice basis:

11 1 1
ra=(0,0), 7ra= (575) , TBl= (175) , Tpy = <§, 1) . (11)

For site 7, we shall find it helpful to separate out the dimer center d; with: = A, B

11 3 3
dA = <17 Z) ) dB = (ZJ Zl) (12)

and the spin relative to the dimer center s; where, implicitly, the latter depends on the index A or

B of the sublattice

1 1 11 1 1 1 +1 (13)
S —= —_—, — = S = —_. — S = _, — — S ey _— —_ .
Al 47 4 ) A2 474 ) B1 47 4 ’ B2 47 4

The magnetic interactions consist of nearest-neighbor and next-nearest-neighbor Heisenberg
exchange
H=Jp) S;-S;j+J > S-S (14)
(i.5) ((i.5))
The ground state of the model for J/Jp < 0.65 is a dimer covering with singlets on sites A1 — A2
and B1 — B2 which are coupled by .Jp. This breaks no symmetries and there is a crossover as the
temperature is lowered.
It is convenient to work with a bond wave representation of the ground state and magnetic
excitations due to Sachdev and Bhatt [5]. The starting point is to introduce operators that create

singlet and triplet states from the vacuum. In the Shastry-Sutherland model these operators are

4



defined on all dimers.

1
[s) = s'IVAC) = —= (110 = [ 41)). (15)
1
tz) = £IVAC) = === (111) ~ | ). (15b)
1
ty) = }|VAC) = E (1) + 1), (15¢)
t.) =t|[VAC) = — - : 15d
=) = t:[VAC) \/E(IM [ 41)) (15d)
These must satisfy the constraint
s+ ) it =1. (16)
In terms of the singlet and triplet operators, the spin one-half operators are
st=3 ( o + ths — icass ity ) (17a)
o 1 . t
Sy = 3 (—sTta — t:;s — zeamtﬁm) . (17b)

The intra-dimer exchange coupling S - S, can be written in terms of the bond operators as follows:

3 1
N | - T
TR > ihta, (18)

a=T,Y,z
after imposing the constraint.
An example of an exchange coupling between neighboring dimers is

1. .
§Z€a57tjgtw (s}tja + t;asj — @eaWt;r-Uth> , (19)

where the triplon indices are in the Cartesian basis z, y, 2.

Taken together Egs. (18) and (19) reveal that, for sufficiently small .J/.Jp, the ground state is ob-
tained by condensing singlets while the lowest energy excitations are triply degenerate “triplons”
lying at energy Jp. As the coupling between singlets has no quadratic terms at this bare level
the triplons are completely localized or, in momentum space, there are flat bands at energy Jp (to

leading order in .J/Jp).

J/Jp PERTURBATION THEORY AND BOUND STATES

Now we consider the effects of carrying out perturbation theory in .J/.Jp within the dimer phase.

In the material, StCuy(BO3)2, J/Jp ~ 0.6 and therefore not obviously in the perturbative regime

5



in the inter-dimer hopping. It turns out that physics in the Shastry-Sutherland model is remarkably
localized especially in the ground state but also within the single triplon sector. In essence this
localization, which originates from geometrical frustration of the Heisenberg coupling on this
lattice, makes the perturbative treatment meaningful for much larger inter-dimer couplings than
one might naively expect. This section essentially reviews results in Refs. [6—10]. We also refer

the reader to a review [11] for a broader context.

Single triplon states

As we have seen, the bare Hamiltonian to quadratic order has perfectly localized triplons.
The single triplon gap is renormalized downwards by triplon interactions with the leading order

contribution appearing already at O((.JJ/Jp)?). To 4th order in J/.Jp one finds:

JN 1 /TN 17T\
A:JD<1‘(J—D) -3 (%) ‘é(J—D))' 0

This is in very good agreement with exact diagonalization results throughout the dimer phase (see
Fig. 4 in the main text).

Interaction effects also introduce a dispersion for the triplons. Eq. (19) contains cubic terms
in the triplon operators of the schematic form tfti(tj + t;) that effect a creation or annihilation
of a triplon in the presence of a neighboring triplon. One can show that this term introduces an
effective direct hopping term for the triplons to sixth order in perturbation theory [11-13]. The
material SrCuy(BOj3),, that is reasonably well described by the Shastry-Sutherland model in the
dimer phase, has J/.Jp = 0.6 placing it close to the phase boundary of the dimer phase. For this
value of J/Jp the single triplon dispersion is around 5% of the triplon gap so the bands remain
quite flat [12]. Fig. 1 shows data from 28 site exact diagonalization recording the single triplon
bandwidth as a function of .J/.Jp. The sixth order leading contribution to the bandwidth is evident
from the figure with departures evident at larger coupling.

An important contribution to the triplon dispersion in the material comes from a Dzyaloshinsky-
Moriya interaction (DMI). The magnitude of the DMI is roughly 5% of Jp [11, 14] and a direct fit
of experimental data has been performed in Ref. [15]. The effects of DMI are particularly evident
as they break the degeneracy of the triplon modes. As we shall see, the bound state modes in a
given sector disperse on the scale of J? but there is a splitting between sectors on the scale of

J. Therefore the overall bandwidth of low-lying triplon states is dominated by the bound states
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FIG. 1. Difference between maximum and minimum single triplon energies from /N = 28 exact diagonal-
ization as a function of J/.Jp and on a log-log scale (open circles). The straight line passing through the

small .J/Jp points is § Egt ~ (J/Jp)°.

and not by the presence of DMI. So while DMI certainly contributes to thermal broadening of
the modes in the material (see also Section ), the principal effect is captured already in the pure

Shastry-Sutherland model. Therefore we neglect the effects coming from DMI in the material.

Two triplon states

As remarked on above, the exact dispersion relation of the single triplon states has a bandwidth
that is much smaller than the triplon gap. This directly implies that the two triplon continuum
is very narrow. Overall, geometrical frustration makes itself felt through the exact dimer ground
state and through the presence of nearly localized triplon modes. The first place where the bare
interactions generate physics almost on the scale of those interactions is through bound states of
two triplons. It turns out that these are split on the scale of .J and disperse on the scale of J2.

To third order in .J/.Jp the bound and anti-bound states are composed of eight distinct triplon
configurations up to lattice translations [10, 11]. These are shown in Fig. 2. For example, the
states labeled (a) and (b) in sector I are connected by two correlated hopping processes generated
from the cubic terms in perturbation theory where one process creates a triplon on the left which

then annihilates a triplon at the top. The configurations shown participate for each of the bound
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(a) (b) (a) (b)

(c) (d) () (d)

Sector I Sector 11

FIG. 2. Two triplon bound states connected to order (.J'/.J)3. Sectors I and II are distinct at least up to third

order.

state angular momentum sectors S = 0, 1, 2. The two sectors I and II are not connected to third
order in perturbation theory. They are connected at higher order where also more configurations
must be included.

The general form of an effective tight-binding model for Sector I is

2A + VanN JINN Jane' 0
Hylq) = JNN‘ 2A + Wan J3 — Jane 21
Jane "y Js3 2A + VAN —JNN
0 —JNNe_W _JNN 2A + VNNN

where aside from the gap A in Eq. (20), the entries in the matrix depend on S. In particular, one

finds for S = 2:

J J? J3
Vaiw=—=+—— 22
NN = + 20, 8T (22)
J3
Vi = — 23
NNN 17 (23)
J? 5J3
JNN = — 24
NN i + 16,7 (24)
J? 3.J°3
Jo = — + 25
3 4JD 8JD2 ( )



for S = 1:

and for S = 0:

> J P
A A N
J3

VNN = — ———
NNN 4JD2
e L 3T
NN 4Jp  16Jp2
J2 J3
Jo = +
ST 4dp | 8Jp2
J2 8
Van = —J -
NN HEYR
J3
|/
NNN 9702
J2 J3
Jony = ——— — =
NN 20 4Jp
J2
Js = ———.
3 2Jp

(26)

(27)

(28)

(29)

(30)

(D

(32)

(33)

These results reveal that components (b) and (c) are bound to leading order in J with splitting

+J/2, —J/2 and —J respectively for S = 2,1,0. Dispersion appears to order J2. Sector II

Hamiltonians are obtained by taking A <+ B and ¢, — ¢, and ¢, — —q,.

The basis states for the bound states within each angular momentum sector take the form:

| o) = ®f /0) =
|1,0) = @ |0) =
| o) = L |0) =
|11) = @] ,]0) =
|1,1) = @] _,0)
‘(132,1) = q)£,1|0> =

|Po, 1) = ‘1’;_1|0>

(t{t*_l - tiﬂ) 10)

-5l

== (e — il ) 0)

S

1
= (t@t*_l - tiltI)) 10)

1
— (ﬂt(ﬁ + téﬂ) 10)

V2

V2

|P22) = ‘D;2|0> = t1¢]]0)

[Py, o) = <I>;_2|0>

- tT—ltT—1’0>-

(t{til bty tiltj) 10)

(el +26f) + ¢1,1) o)

1
— (tgtf_l n tf_ltg) 10)

(34)
(35)
(36)
(37)
(38)
(39)
(40)

(41)
(42)
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FIG. 3. Spectra of bound states to third order in perturbation theory in J/Jp = 0.5. From left to right these
are for S = 2, 5 = 1 and S = 0 angular momentum sectors. Solid lines are for Sector I and dashed lines

for Sector II.

Using the configuration labels in real space in Fig. 2 we specify a notation for the two-triplon
bound states. We label these configurations by p = a, b, ¢, d for the configuration and o = I, 1]
for the sector and refer each to the highlighted primitive cell position. We also need a label S, m

for the angular momentum sector. In momentum space the states are

VN

The eigenstates are denoted | P, M, o; S, m) where M runs over the four bands in each of the two

1
|P, p,0;S,m) = —Zexp (1P - R;)|R;, p,0;5,m). (43)

sectors.
The two-triplon bound states, | P, M, o; S, m) for eigenvalue M, obtained by diagonalizing the

Hamiltonians given above, are

4
|P, M, o;S,m) = Zv (P,S,0)|P,u,0;S,m). (44)

p=1
The spectra of the two-triplon bound states to third order in perturbation theory in .J/.Jp are shown
in Fig. 3. Each panel is for a different total angular momentum sector S = 2, 1,0 and each panel
contains eight modes — four for each of sectors I and II defined above. Fig. 4 in the main text
illustrates that the perturbative bound state band widths are in reasonable agreement with exact
diagonalization results for .J/.Jp even as large as ~ 0.5. One notices from these figures that the
lowest energy bound state mode lives in the singlet sector and that this crosses the single triplon
energy at about .J/.Jp = 0.539 (perturbation theory) and roughly J/Jp = 0.585 (28 site ED).
In SrCu,(BO3)2, the exchange parameters are such that the lowest energy bound state mode is at

about the single triplon energy.
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d/

T,
" A B

Ia eiq"g _.l_ ei(p_q)'@ O

Ib |eilp—a)z e—iq-®

Ic e~ i(P—q)Y e~y

Id ela® 4 oilp—aq)|()

Ma |0 eiad | oilp-q)d
b |1 1

IIc |e'a(@+9) ci(p—q)-(&+7)

Id |0 €'Y 4 oi(P—9)Y

TABLE I. Matrix element contribution I'y,,,(p — g, q) defined in Eq. (46).

For the susceptibility contribution we require single triplon to bound state matrix elements:
<p7:u70 S m‘SdS|q)d m> (45)

and we use the notation

(P, 1,038, m|Siylq, d'm) = 8(d, d'; 0, 1)Sm i (1/N) (=) ag"e POy, (p — g, q)
(46)
where 0(d, d’; o, iu) enforces the constraints listed below on the dimer sublattices for a given con-
figuration p. The Fdd/(m (p—q,q) and 6(d,d’; o, i) are listed in the tables I and II, respectively.
The coefficients a - place constraints on the sum over the spin sectors and the resulting angu-

lar momentum degeneracies. In the susceptibilities they appear squared thus:

(af)" = @7

(a2?)” = % (48)

(011’ = ¢ (49)

(7)) = ; (50)

(a?)” = (51)
1

(1) = (52)
Evidently 7 = m because S* preserves a U(1) while breaking overall spin rotation symmetry.
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J
6(d,d’; o, 1)

A | B
Ia Oda | —
Ib dqB|0dA
Ic dqB|0dA
1d San|—
ITa — |diB
1Ib S |6
Ilc 0aB|0da
IId — |daB

TABLE II. Matrix element contribution 6(d, d’; o, 11) defined in Eq. (46).

SUSCEPTIBILITY CONTRIBUTIONS

The contribution to the susceptibility arising from transitions from the ground state to the single
triplon states is

11 ) 0o + 1 |
2z ) _ _ 1_ BA 1 o Y .
X**(q,w)|o01/10,44 Z8( e ){ COS( 5 )} (w+z’n—A w+z’n+A) (53)

11 B G — g 1 1
zZz ) — 1_ BA 1_ Y — 54
X7 (q,w)lo1/10:88 Z8< € ){ COS( 2 )] (w—i—in—A w+’i77+A) OY

for the A and B sublattice dimers. For convenience, we show again the form of the single particle

propagator (Eq. (7)) that follows from these equations

L Ge+qy\ de — qy 1 _ 1
D(q,w)—8[2 cos(—2 ) cos< 5 Py e (55)

Here we have assumed that the triplons are dispersionless with energy A (Eq. (20)). The

dynamical structure factor computed from this susceptibility is delta peaked at the single triplon
energy and only the coefficient of the delta function is temperature dependent. We note that only
matrix elements connecting the ground state to the S* = 0 single triplon states contribute to the
susceptibility.

For perfectly localized triplon modes, the matrix elements connecting single triplon to single
triplon states vanish so that the contribution C'y; in Eq. (10) for the self-energy is zero. As we have

discussed, this ceases to be the case once high order perturbative processes are included that allow
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for single triplon hopping. This can be expected to give the leading contribution to the direct broad-
ening of the delta function peak at the single triplon energies. However, the resulting linewidth is
bounded by the very narrow bandwidth of the triplon mode and therefore cannot account for the
extent of the observed broad response in energy. In the following we work consistently with the
flat triplon mode.

We now report the part of the susceptibility connecting the single triplon states with unbound
two triplon states first of all without any restriction on the number of the latter states coming from

the presence of bound states.

13 e PR — 284 4zt q
. ree);Ad = o5 (AN +2) | ———— ] |1 — > 36
X*(q, ) hi2(free)ian 8Z4( * >( w+im—A > [ COS( 2 )] 0

1 3 e BB — 284 4z — g
#z Tee); = ——(4N 2 - . A 1- s ’ ’ 57
Xa w)haeeyss = g7 (AN + )( W+ — A ){ COS( 2 )] o

We note that the pieces proportional to /V are identical to the ground state to single triplon con-
tribution to the susceptibility after multiplying by 3Ne #2D(q,w) which is nothing other than
(1 — e P2)Z,D(q,w) in Eq. (10) where Z; is the single triplon contribution to the partition sum.

The susceptibility connecting single triplon to two free triplon states given above overcounts
because some of the two free triplon states participate in bound states. In particular, inspection
of the matrix element connecting single triplons to two free triplon states reveals that for fixed
initial and final state momentum and with one primitive lattice position fixed by the spin whose
matrix element is computed, there remains a sum over real space positions. Within this sum there
are contributions coming from configurations illustrated in Fig. 2. In other words, the matrix
element is corrected from M (p;, p2, p, i) to M (p1, p2, P, i) — M where the 0 M subtracts off the
configurations that contribute to the bound states. Once these have been accounted for we find for

the free triplon contribution
(Chz + Co1) e — (1 — €77 Z1D(q, w)

21 1 !
_ 4l —BA _ —2BA —
ST (e e )F(qﬂ%) (w+in—A w+m+A) (58)

F(qs,qy) = [2 — oS (C]m—;—qy) — oS <%)} : (59)

Here we have accounted for the factor 2 coming from the sum over spins for a fixed dimer. This

’ free

where

has 1/n?* divergences like the single triplon propagator. Evidently, this term contributes only at the

single triplon energy and is suppressed exponentially in the single triplon gap.
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By considering the bound states of two triplons we find a response over a broad energy range.

The contributions to Eq. (10) are

1 g (d—ds 5 —s N2 . \sits N
Cm%wmf:ZNf o) eraldimditeme) (oFm) (=) H55(dy, d; o, p)o(d;, ds o, fi)

k7m7d70’#’ﬁ d; 7d] 387,55

(2)
efﬁA i eiﬁEk,Z\J,S,U

Fdaﬂ<q7 k — q)F;klUu(qa k — q) ( ) Ufy(lﬁ 57 O-)UZM<k’7 Sv U)

w + ”7 + A — EIE:?])W,S,O'
(60)

and

1

DL Do) (a8 (L) (d, di o, p)o(d;, ds o )

kvmvdvgvuna Si,55

021 |bound =

(2)
_BEk,]VI,S,o- _ o BA

€ €

Wi+ By s, — A

Ciou(—q. k + @Q)Th,u(—a, k + q) ( ) vM(k, S, o)) (K, S, 0).

(61)

As noted above, in SrCuy(BO3), the minimum energy singlet two-triplon bound states coincide
with the single triplon energy. Eq. (60) implies, then, that there is an inelastic response in the
Shastry-Sutherland model at finite temperatures extending from very low energies. In particular,
the lowest energy bound states live in the singlet sector S = 0 for which the energies E,(jj)vmp
extend upwards from around A. Therefore the condition w = E,(f?w 5.0 — A (from the denominator
in Eq. (60)) “clicks” at energies w much smaller than A. This is the central observation accounting
for the experimentally observed broad response in the material.

In the main text we present results from a direct evaluation of the dynamical structure factor
(Egs. (1) and (9)) including the expression Eq. (10) for the self-energy. The integration over
momenta in the bound state contribution to C'5 and C'y; is performed numerically with fixed finite
7. The number of integration points NV is chosen to reach convergence with integration grid fine
enough to be significantly smaller than the artificial width set by 7. The width 7 itself is chosen to
be 0.004.Jp so much smaller than the bandwidth of the bound states.

The results reveal a very broad temperature dependent inelastic response originating from the
bound state modes that are low-lying in relation to the single triplon modes. The single triplon peak
remains delta spiked in our calculation unlike the triplon mode in the alternating Heisenberg chain
studied by James et al. [2]. The origin of the difference is the presence of 1/n* divergences at the

single triplon energy in the one-to-two particle susceptibility in the one dimensional case that are
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cured by computing the resummed self-energy. In the Shastry-Sutherland model, the divergences
are much less severe. There are logarithmic divergences in the one-to-two particle susceptibility
in the Shastry-Sutherland model in the bound state channel coming from van Hove singularities in
the bound state band structure at various energies depending on .J/.Jp, that are presumably resolved
at higher order in the low temperature expansion. There is also a 1/1? divergence coming from
one to two free triplon susceptibility that have the effect of reducing the spectral weight in the

delta peak as a function of temperature.

Finally, we remark on the connection between the Shastry-Sutherland model and thermal broad-
ening in other quantum magnets. As shown in the main text the magnitude and temperature de-
pendence of the thermal broadening in SrCuy(BOs3), are captured by dynamical METTS on the
Shastry-Sutherland model. The low temperature expansion suggests that the origin of this anoma-
lous broadening is the small gap between the single triplon modes and the bound states. An
intuition for this effect is that when there is a small thermal population of triplons at low temper-
ature, excitation of a second triplon spectroscopically can have weight in the singlet bound state
sector at very low energies thus producing a broad response. The magnitude of this response is

expected to increase with the ambient thermal population of triplons.

What sets the Shastry-Sutherland model apart from typical quantum magnets in this regard?
The answer would seem to rely on the peculiar fine-tuning of SrCus(BOj3),. Other quantum mag-
nets, for the purposes of this discussion, typically fall into two classes: gapped and (nearly) gap-
less. Gapless quantum magnets have single particle modes appearing, for the most part, among
two particle states in the same energy range with broadening induced at zero temperature by ma-
trix elements connecting these states. We would typically not expect thermal broadening to be
especially dramatic in such gapless systems as there is (i) a broad continuum at low energies and
(ii) zero temperature broadening. If, instead, the magnet is gapped on scale A, it is typical for the
two particle states to have minimum at 2A. This means that the thermal response is expected at
w ~ A. In contrast, in SrCuz(BO3),, it begins at low energies because the material is poised close
to a phase boundary connected to the condensation of bound states so that states are available at

anomalously low energies compared to the single particle gap.
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FURTHER REMARKS ON SINGLE TRIPLON BROADENING

In the previous section, we pointed out that, when working consistently to third order in .J/.Jp
perturbation theory, the triplon modes are dispersionless and that the susceptibility coming from
one triplon to one triplon processes, C'1, vanishes. The triplons in the Shastry-Sutherland model,
however, do disperse albeit weakly. The, leading order, contribution to the hopping (at sixth order
in J/Jp) is between identical neighboring sublattices so the single triplon Hamiltonian remains
diagonal in this basis. Even higher order processes break the six-fold degenerate triplons into a
pair of three-fold degenerate modes. DMI is known to be an important component of the magnetic
couplings in SrCu,(BO3), at roughly the 10% level and it leads directly to a hopping term for the
triplons.

Here we compute the susceptibility C'y; in the presence of triplon dispersion and estimate the
importance of this contribution to the finite temperature response compared to the contributions
coming from bound states of two triplons. In general the relevant contribution to the susceptibility

18

w + 277 + Ep - Ek>
(62)

@)=y 5 e pnlsilkdnd) ' |5pan)

mym! d,d' p,k,I,J

where E, is the single triplon energy at momentum p.

If the hopping matrix element is diagonal in the sublattice basis then we obtain

Cu(gq,w = 5N Z ( + cos( ) COs <q2y>) (wij§k+q£;c_e;ﬁ_]5;k> : (63)

Evidently, if the triplon bandwidth goes to zero, this contribution vanishes as previously claimed.

The details of the C'}; contribution to the dynamical response function depends on the nature of
the dispersion relation and the magnetic couplings. However, Eq. (63) can be expected to capture
the general dependence on energy w. For single triplon modes with bandwidth 2g < A, C1; will
have its principal effect at low energies extending up to w = 4g. To put this in perspective the
bandwidth in SrCuy(BO3), is about 10% of the 3 meV gap so one should expect the single triplon
dispersion to contribute up to an energy of about 0.6 meV independent of the nature of the matrix
elements. DMI will tend to introduce some small direct broadening of the single triplon peak but
this is expected to be much smaller than the broad contribution originating from the bound states

as the imaginary part of the self-energy is suppressed at higher energies than 4g.
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